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Devwudfw
Wklv sdshu uhylvlwv wkh qrupdwlyh surshuwlhv ri vhdufk0pdwfklqj hfrqrplhv zkhq
zrunhuv kdyh frqfdyh xwlolw| ixqfwlrqv1 D jhqhudo htxloleulxp iudphzrun lv ghyhorshg
zkhuh djhqwv duh krprjhqhrxv dqg zdjhv duh edujdlqhg ryhu1 Dvvxplqj oxps0vxp
wd{dwlrq ri sur￿wv/ wkh rswlpdo doorfdwlrq ri uhvrxufhv lv fkdudfwhul}hg ￿uvw zkhq lq0
irupdwlrq lv shuihfw dqg vhfrqg zkhq xqhpsor|hg shrsoh iuhho| fkrrvh wkhlu vhdufk
h￿ruw1 Frpsduhg wr wkh ￿uvw fdvh/ wkh rswlpxp lv fkdudfwhul}hg e| lpshuihfw xq0
hpsor|phqw lqvxudqfh dqg orzhu ohyhov ri vhdufk lqwhqvlw| dqg rxwsxw lq wkh vhfrqg
vhwwlqj1 Wr ghfhqwudol}h wkhvh rswlpd/ hpsor|hhv vkrxog eh xqdeoh wr h{wudfw d uhqw
zkhq lqirupdwlrq lv shuihfw1 Dq dssursuldwh srvlwlyh uhqw lv krzhyhu qhhghg lq wkh
vhfrqg fdvh1 Zkhq wkh edujdlqlqj srzhu ri wkh zrunhuv lv jlyhq/ wkhvh rxwfrphv fdq
eh lpsohphqwhg wkurxjk d zhoo0ghvljqhg qrq0olqhdu wd{ vfkhgxoh dqg dq dssursuldwh
ohyho ri xqhpsor|phqw ehqh￿wv1 Dffruglqj wr wkh ohyho ri wkh edujdlqlqj srzhu/ wd{d0
wlrq fdq eh surjuhvvlyh ru uhjuhvvlyh1 Qhjdwlyh pdujlqdo wd{ udwhv duh hyhq qhhghg iru
vx!flhqwo| orz ohyhov ri wkh edujdlqlqj srzhu1
Nh|zrugv= Xqhpsor|phqw/ Qrq0olqhdu Wd{dwlrq/ Xqhpsor|phqw Ehqh￿wv/ Prudo
Kd}dug/ Vhdufk/ Pdwfklqj1
MHO frghv= M97/ M98/ M9;/ K54/ G;5
WWklv sdshu zdv zulwwhq zkloh Euxqr Ydq ghu Olqghq zdv ylvlwlqj HXUHTxd1 Euxqr Ydq ghu Olqghq
wkdqnv wkh Iuhqfk Plqlvwºuh gh od Uhfkhufkh +HJLGH,/ wkh IQUV dqg Lqwhuxqlyhuvlw| Srohv ri Dwwudfwlrq
Surjudpphv SDL +Sulph Plqlvwhu*v R!fh 0 Ihghudo R!fh iru Vflhqwl￿f/ Whfkqlfdo dqg Fxowxudo D￿dluv,1
Zh wkdqn sduwlflsdqwv wr wkh v￿plqdluh g*￿frqrplh gx wudydlo dw HXUHTxd/ wkh hfrqrplf vhplqdu dw wkh
Ndwkrolhnh Xqlyhuvlwhlw Ohxyhq/ wkh Xqlyhuvlw￿ Fdwkroltxh gh Orxydlq/ wkh FDP zrunvkrs rq ￿Mre vhdufk/
Xqhpsor|phqw dqg wkh XL v|vwhp￿ lq Frshqkdjhq/ W5P 5335 dqg SHW 5335 phhwlqjv iru wkhlu frpphqwv1
Zh wkdqn lq sduwlfxodu Dqwrlqh g*Dxwxph/ Slhuuh Fdkxf/ Phoylq Frzohv/ Euxqr Ghfuhxvh/ Dguldq Pdvwhuv/
Gdoh Pruwhqvhq/ Hulf Vplwk/ Iudqv Vslqqhz|q/ Hwlhqqh Zdvphu dqg Dqgu￿ ]|oehuehuj1
_FUHXVHW Xqlyhuvlw￿ gh Vdlqw0Hwlhqqh/ HXUHTxd Xqlyhuvlw￿ Sdulv L dqg HUPHV Xqlyhuvlw￿ Sdulv 5/
45 sodfh gx Sdqwk￿rq/ :8338 Sdulv/ hpdlo= hohkpdqqCx0sdulv51iu/
hIQUV dqg LUHV/ Xqlyhuvlw￿ Fdwkroltxh gh Orxydlq/ 6 sodfh Prqwhvtxlhx/ E0467; Orxydlq Od Qhxyh/
Ehojlxp/ hpdlo = ydqghuolqghqCluhv1xfo1df1eh/
kwws=22zzz1luhv1xfo1df1eh2FVVVS2krphbsdbshuv2Ydqghuolqghq2Ydqghuolqghq1kwpo
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Lq uhfhqw |hduv/ wkh vhdufk0pdwfklqj prgho kdv ehfrph d pdmru uhihuhqfh lq wkh hfrqrplfv
ri xqhpsor|phqw1 Wklv dssurdfk pdlqo| irfxvhv rq wkh htxloleulxp lpsolfdwlrqv ri iulf0
wlrqv dqg vhdufk h{whuqdolwlhv1 Rqfh d zrunhu dqg d ￿up kdyh pdwfkhg/ wkh ydoxh ri vhdufk
frvwv vdyhg e| vwd|lqj wrjhwkhu jhqhudwh d uhqw wkdw kdv wr eh vkduhg1 Wklv lv grqh lq
wzr zd|v lq wkh olwhudwxuh1 Wkh ￿uvw rqh dvvxphv wkdw ￿upv srvw zdjh r￿huv wkdw zrunhuv
wdnh ru ohdyh1 Wklv sdshu rqo| frqvlghuv wkh vhfrqg dqg prvw frpprqo|0xvhg dssurdfk
wkdw dvvxphv d edujdlqlqj ryhu zdjhv +vhh Slvvdulghv +5333, iru dq ryhuylhz,1 Wkh vhdufk
pdwfklqj dssurdfk doorzv iru d v|qwkhvlv ehwzhhq wkh plfur0ghwhuplqdqwv ri xqhpsor|0
phqw dqdo|}hg e| mre0vhdufk wkhru|/ dqg wkh pdfur0ghwhuplqdqwv ri xqhpsor|phqw wkdw
kljkoljkwv uhdo zdjh uljlglwlhv1
Wkh vhdufk0pdwfklqj iudphzrun lv dfwxdoo| dq dowhuqdwlyh sdudgljp wr wkh zdoudvldq
rqh1 Vlqfh zdjhv duh pdwfk vshfl￿f/ wkh qrwlrqv ri d zdoudvldq dxfwlrqhhu dqg ri frpshw0
lwlyh htxloleuld ehfrph pxfk ohvv qdwxudo1 Khqfh/ wkh wzr wkhruhpv ri zhoiduh hfrqrplfv
fdqqrw eh dssolhg dq|pruh1 Wkh rswlpdolw| ri vhdufk0pdwfklqj htxloleuld lv wkhuhiruh d
qrq0wulyldo qrupdwlyh lvvxh 41 Zkhq djhqwv duh ulvn qhxwudo/ wkh vr0fdoohg cKrvlrv frqgl0
wlrq* +Krvlrv +4<<3,, lv vx!flhqw wr jxdudqwhh wkdw d odlvvh} idluh htxloleulxp lv vrfldoo|
rswlpdo1 Wklv frqglwlrq uhtxluhv wkdw zrunhuv* edujdlqlqj srzhu eh htxdo wr wkh hodvwlflw|
ri wkh pdwfklqj ixqfwlrq zlwk uhvshfw wr xqhpsor|phqw1 Hpsor|hg zrunhuv vkrxog uhfhlyh
d fhuwdlq vkduh ri wkh uhqw jhqhudwhg e| d pdwfk lq rughu wr frpshqvdwh wkhp iru wkh frvw
lqkhuhqw wr mre vhdufk dfwlylwlhv dqg wr suhyhqw wkh fuhdwlrq ri wrr pdq| ydfdqflhv lq
htxloleulxp1 Zkhq wkh edujdlqlqj srzhu grhv qrw ixo￿oo wkh Krvlrv frqglwlrq/ Errqh dqg
Eryhqehuj +5334d, vkrz krz qrq oxps0vxp lqfrph wd{dwlrq fdq eh xvhg wr ghfhqwudol}h
wkh rswlpxp1 Wd{dwlrq fdq uhvwruh h!flhqf| ehfdxvh d srvlwlyh pdujlqdo wd{ udwh +uhvs1
d qhjdwlyh rqh, ghfuhdvhv +uhvs1 lqfuhdvhv, wkh vkduh ri wkh vxusoxv wkdw dffuxhv wr wkh
zrunhuv1
Wkhvh uhvxowv krog xqghu wkh dvvxpswlrq ri olqhdu suhihuhqfhv1 Wkh vrfldo rswlpxp
frqvlvwv wkhq lq pd{lpl}lqj wrwdo rxwsxw qhw ri vhdufk frvwv zlwkrxw dq| frqfhuq iru wkh
zd| wklv rxwsxw lv vkduhg ehwzhhq djhqwv1 Wklv lv sureohpdwlf li rqh wklqnv wkdw oderu
pdunhw srolflhv vkrxog qrw rqo| uhgxfh wkh zdvwh ri uhvrxufhv gxh wr xqhpsor|phqw exw
dovr sryhuw| dqg lqhtxdolw| jhqhudwhg e| xqhpsor|phqw1
Wklv sdshu uhylvlwv wkh Krvlrv sureohp e| lqwurgxflqj ulvn dyhuvh zrunhuv1 Rxu vrfldo
zhoiduh fulwhulrq ghdov zlwk lqvxudqfh djdlqvw wkh xqhpsor|phqw ulvn dqg zlwk uhglvwulex0
4Lq wkh zdjh0srvwlqj dssurdfk/ vhdufk iulfwlrqv duh qhfhvvdulo| lqwhuqdol}hg li zrunhuv dsso| wr rqo| rqh
r￿hu dw wkh wlph dqg duh shuihfwo| lqiruphg derxw hdfk ￿up*v zdjh r￿hu dqg suredelolw| ri pdnlqj dq
r￿hu1 Wklv lv wkh vr0fdoohg cfrpshwlwlyh vhdufk* dssurdfk +Prhq/ 4<<:,1
5wlrq ehwzhhq zrunhuv dqg ￿up rzqhuv1 Lq rxu prgho/ wd{hv rq oderu duh ohylhg wr ￿qdqfh
xqhpsor|phqw ehqh￿wv dqg d oxps0vxp wudqvihu wr wkh ￿up rzqhu1 Iru wudfwdelolw| pdw0
whuv/ zh nhhs wkh dvvxpswlrq ri krprjhqrxv oderu1 Khqfh/ zh ljqruh uhglvwulexwlrq dprqj
zrunhuv zlwk gl￿huhqw vnloov/ d wrslf wkdw lv fhqwudo lq wkh olwhudwxuh iroorzlqj Pluuohhv
+4<:4, +h1j1 Vdh} +5334, ru Errqh dqg Eryhqehuj +5334e,,1 Zh frqvlghu wzr srodu fdvhv
fkdudfwhul}hg e| gl￿huhqw dvvxpswlrqv derxw wkh revhuydelolw| ri xqhpsor|hg zrunhuv*
mre0vhdufk lqwhqvlw|1
Dw wkh ￿uvw0ehvw rswlpxp/ zrunhuv duh shuihfwo| lqvxuhg djdlqvw wkh xqhpsor|phqw ulvn
vlqfh wkhlu vhdufk h￿ruw fdq rswlpdoo| eh prqlwruhg1 Wr ghfhqwudol}h wklv rswlpxp/ hp0
sor|hhv vkrxog qrw h{wudfw d uhqw iurp wkhlu pdwfk1 Li wkhlu edujdlqlqj srzhu lv h{rjhqrxv
dqg srvlwlyh/ d pdujlqdo wd{ udwh ri 433( pxvw wkhuhiruh eh lpsohphqwhg1 Dssursuldwh
ohyhov ri xqhpsor|phqw ehqh￿wv dqg wd{hv wkhq suhyhqw wkh fuhdwlrq ri wrr pdq| ydfdqflhv
lq htxloleulxp1
Wkh vhfrqg0ehvw fdvh dvvxphv wkdw xqhpsor|hg zrunhuv iuhho| fkrrvh wkhlu vhdufk lq0
whqvlw|1 Wkh vroxwlrq lv fkdudfwhul}hg e| dq rswlpdo wudgh r￿ ehwzhhq wkh surylvlrq ri
lqfhqwlyhv wr xqhpsor|hg mre vhhnhuv dqg wkh surylvlrq ri lqvxudqfh djdlqvw wkh xqhp0
sor|phqw ulvn1 Wklv lv grqh e| vhohfwlqj dq rswlpdo vkduh ri wkh uhqw iru wkh hpsor|hhv1
Wklv prudo kd}dug wudgh0r￿ kdv dovr wr wdnh lqwr dffrxqw ￿upv ehkdylru1 Zh vkrz wkdw/
frpsduhg wr wkh ￿uvw0ehvw rswlpxp/ wkh vhfrqg0ehvw rqh lv fkdudfwhul}hg e| = l, orzhu
vhdufk lqwhqvlw| dqg d wljkwhu oderu pdunhw wr frpshqvdwh iru wkh ghfuhdvh lq mre vhdufk
lqwhqvlw|> ll, orzhu +uhvs1/ kljkhu, lqfrph iru xqhpsor|hg +uhvs1/ hpsor|hg, zrunhuv> lll,d
srvlwlyh uhqw iru wkh hpsor|hhv1 Khqfh/ dv lq Krvlrv +4<<3,/ wkh uhqw vkdulqj uxoh vkrxog eh
dssursuldwh1 Dq lqdssursuldwh edujdlqlqj srzhu vkrxog eh fruuhfwhg e| wkh lqwurgxfwlrq
ri d zhoo0fkrvhq qrq0}hur pdujlqdo wd{ udwh lq frpelqdwlrq zlwk dssursuldwh ohyhov ri wd{hv
dqg ri xqhpsor|phqw ehqh￿wv1
Wklv sdshu dovr frqwulexwhv wr wkh olwhudwxuh rq wkh ghvludelolw| ri surjuhvvlyh oderu
wd{hv lq htxloleulxp xqhpsor|phqw prghov1 Pdofrpvrq dqg Vdwru +4<;:,/ Orfnzrrg dqg
Pdqqlqj +4<<6,/ Kropoxqg dqg Nrop +4<<8, dqg Slvvdulghv +4<<; dqg 5333, dprqj rwkhuv
hpskdvl}h wkdw/ iru d jlyhq ohyho ri wd{hv/ wkh qhjrwldwhg zdjh lv d ghfuhdvlqj ixqfwlrq ri
wkh pdujlqdo wd{ udwh1 Wkh kljkhu wkh pdujlqdo wd{ udwh/ wkh orzhu wkh lqfuhdvh lq diwhu
wd{ zdjh iru d jlyhq lqfuhdvh lq wkh qhjrwldwhg zdjh/ vr wkh orzhu wkh suhvvxuh iru d kljkhu
zdjh1 Khqfh/ dffruglqj wr wkhvh sdshuv/ xqhpsor|phqw fdq eh uhgxfhg wkdqnv wr d pruh
surjuhvvlyh oderu wd{ vfkhgxoh1 Krzhyhu/ wkh ghvludelolw| ri surjuhvvlyh oderu lqfrph wd{hv
kdv ehhq uhfhqwo| txhvwlrqhg e| sdshuv wkdw lqwurgxfh lq0zrun h￿ruw +Kdqvhq 4<<</ Ixhvw
dqg Kxehu 5333, ru wudlqlqj ghflvlrqv +Errqh dqg gh Prrlm 5333,1 D pruh surjuhvvlyh
wd{ vfkhgxoh fdq uhgxfh surgxfwlylw| shu fdslwd vr wkdw wkh wrwdo h￿hfw rq rxwsxw ehfrphv
6dpeljxrxv1 Lq rxu prgho/ dqrwkhu phfkdqlvp lv dw zrun1 D pruh surjuhvvlyh wd{ vfkhgxoh
uhgxfhv wkh uhqw h{wudfwhg e| hpsor|hhv1 Lw khqfh ghfuhdvhv wkh lqfhqwlyhv xqhpsor|hg
shrsoh kdyh wr vhdufk1 Dw wkh vdph wlph krzhyhu/ pruh surjuhvvlyh wd{hv doorz wr ehwwhu
lqvxuh djdlqvw wkh xqhpsor|phqw ulvn1 Lq wkh ￿uvw0ehvw vhwwlqj/ wkh iruphu h￿hfw grhv qrw
pdwwhu vr wkh rswlpdo pdujlqdo wd{ udwh lv htxdo wr 433(1 Lq wkh vhfrqg0ehvw vhwwlqj/
wkh rswlpdo wudgh0r￿ ehwzhhq wkh wzr h￿hfwv ohdgv wr dq rswlpdo vkdulqj uxoh1 Zkhq wkh
edujdlqlqj srzhu kdsshqv wr eh wrr kljk +uhvshfwlyho|/ wrr orz,/ d srvlwlyh +uhvs1 qhjdwlyh,
pdujlqdo lqfrph wd{ lv qhhghg wr ghfhqwudol}h wkh vrfldo rswlpxp1 Wklv vkhgv qhz oljkw
rq wkh surv dqg frqv ri surjuhvvlyh lqfrph wd{dwlrq1
Zh dovr pdnh d plqru frqwulexwlrq wr wkh olwhudwxuh rq rswlpdo xqhpsor|phqw lq0
vxudqfh +vhh Kropoxqg 4<<;,1 Wkh vhplqdo duwlfohv ri Edlo| +4<::, dqg Pruwhqvhq +4<::,
irupxodwh wkh vhdufk iru rswlpdo xqhpsor|phqw lqvxudqfh dv d prudo kd}dug sureohp zkhuh
wkh djhqw lv dq xqhpsor|hg zrunhu zkrvh vhdufk lqwhqvlw| lv qrw revhuydeoh1 Zh h{whqg
wklv sduwldo htxloleulxp ylhz e| lqfoxglqj ￿upv ehkdylru dqg wkh qhjrwldwlrq ri zdjhv1 Zh
kljkoljkw wkdw qrq olqhdu wd{dwlrq dqg xqhpsor|phqw lqvxudqfh duh frpsohphqwdu| lqvwux0
phqwv wr dfklhyh dq rswlpdo frpsurplvh ehwzhhq ulvn0vkdulqj dqg doorfdwlyh h!flhqflhv
rq wkh oderu pdunhw1 Wkh olwhudwxuh derxw rswlpdo xqhpsor|phqw lqvxudqfh kdv douhdg|
ehhq h{whqghg lq pdq| gluhfwlrqv wkdw zh gr qrw frqvlghu1 Rq wkh rqh kdqg/ Vkdyhoo
dqg Zhlvv +4<:<, ru Krshqkd|q dqg Qlfrolql +4<<:, vkrz wkdw xqhpsor|phqw ehqh￿wv
vkrxog ghfuhdvh ryhu wkh xqhpsor|phqw vshoo1 Wklv uhvxow zdv frq￿uphg e| Iuhgulnvvrq
dqg Kropoxqg +5334, dqg zdv wrqhg grzq e| Fdkxf dqg Ohkpdqq +5333, lq jhqhudo htxl0
oleulxp vhdufk0pdwfklqj prghov wkdw hqgrjhqhl}h ￿upv ehkdylru dqg zdjh irupdwlrq1 Rq
wkh rwkhu kdqg/ vdqfwlrqv +l1h1 zlwkgudzdo ri xqhpsor|phqw ehqh￿wv li vhdufk h￿ruw lv
mxgjhg lqvx!flhqw, duh dq dowhuqdwlyh wkdw doorzv wr lpsuryh ulvn0vkdulqj iru wkrvh zkr
frpso| zlwk wkh uxohv +Erdgzd| dqg Fx￿ +4<<<,/ Errqh dqg ydq Rxuv +5333,/ Errqh hw
do +5334,,1 Wklv surshuw| lv h{shfwhg wr krog dv orqj dv vhdufk h￿ruw lv revhuydeoh dw d
uhdvrqdeoh frvw zlwkrxw +wrr iuhtxhqw, huuruv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq LL ghvfulehv wkh vwuxfwxuh ri wkh hfrqrp|1
Vhfwlrq LLL lv ghyrwhg wr wkh htxloleulxp/ Vhfwlrq LY wr wkh ￿uvw0ehvw rswlpxp dqg lwv





Wkh hfrqrp| lv pdgh ri d frqwlqxxp ri krprjhqrxv ulvn0dyhuvh zrunhuv/ d uhsuhvhqwdwlyh
ulvn0qhxwudo ￿up dqg wkh Vwdwh1 Wkhuh duh qr ￿qdqfldo pdunhwv1 Zrunhuv fdq hlwkhu eh
hpsor|hg ru xqhpsor|hg1 Mrev fdq hlwkhu eh ￿oohg ru ydfdqw1 Djhqwv duh lq￿qlwho| olyhg1
7Wkh prgho lv edvhg rq wkh dvvxpswlrq wkdw wkh pdwfklqj ehwzhhq xqhpsor|hg zrunhuv
dqg ydfdqw mrev lv d wlph0frqvxplqj dqg frvwo| surfhvv gxh wr ydulrxv iulfwlrqv rq wkh oderu
pdunhw1 Dvvxph d frqwlqxrxv0wlph vhwwlqj1 Wkh  rz ri kluhv P lv d ixqfwlrq P+V> , ri wkh
qxpehu ri mre0vhhnhuv phdvxuhg lq h!flhqf| xqlwv V dqg ri wkh qxpehu ri ydfdqflhv  1L w
lv vwdqgdug wr dvvxph wkdw wklv ixqfwlrq lv lqfuhdvlqj dqg frqfdyh lq erwk dujxphqwv +zlwk
P +3> ,@P +V>3 ,@3 ,dqg wkdw uhwxuqv wr vfdoh duh frqvwdqw +vhh h1j1 Slvvdulghv +5333,,1
Ghqrwlqj e| h wkh dyhudjh vhdufk lqwhqvlw| dqg e| x wkh pdvv ri xqhpsor|hg zrunhuv/ rqh
kdv V @ h￿x1 Ohw ￿ ￿  @V eh wljkwqhvv rq wkh oderu pdunhw +phdvxuhg lq h!flhqf| xqlwv,1
Wkh udwh dw zklfk d ydfdqw mre lv ￿oohg lv p+￿, zlwk p+￿,@
￿E7cv￿
v @ P +4@￿>4,/d q g
p￿ +=, ? 31 Dq xqhpsor|hg zlwk vhdufk lqwhqvlw| h￿ ￿ 3  rzv rxw ri xqhpsor|phqw dw d
udwh h￿ ￿ ￿+￿,@e￿
e ￿
￿Eeu￿cv￿
￿ / zlwk ￿+￿, ￿ P +4>￿,@￿ ￿ p+￿, dqg ￿￿ +￿, A 3/ ￿￿￿ +=, ? 31
Mre pdwfkhv hqg dw wkh h{rjhqrxv udwh t1
Zh qrupdol}h wkh vl}h ri wkh oderu irufh wr 41 Lq vwhdg| vwdwh/ htxdolw| ehwzhhq hqwulhv
dqg h{lwv |lhogv wkh ￿Ehyhulgjh fxuyh￿ htxdwlrq=
h ￿ ￿+￿, ￿ x @ t+4 ￿ x, / x @
t
t . h ￿ ￿+￿,
+4,
wkdw qhjdwlyho| olqnv wkh xqhpsor|phqw udwh wr wljkwqhvv ￿1
Ohw u eh wkh glvfrxqw udwh frpprq wr zrunhuv dqg ￿upv1 Dq hpsor|hg zrunhu kdv dq
lqvwdqwdqhrxv xwlolw| ixqfwlrq y+$,/ zkhuh $ ghqrwhv khu diwhu0wd{ lqfrph1 Dq xqhpsor|hg
zrunhu kdv dq lqvwdqwdqhrxv xwlolw| y+}￿g+h,, zkhuh } ghqrwhv khu xqwd{hg xqhpsor|phqw




e<"g￿ +h, @. 4,1 Wkh ulvn dyhuvlrq dvvxpswlrq lpsolhv y￿￿ +=, ? 31 Iru wkh xqhpsor|hg/
d srvvleoh lqwhusuhwdwlrq ri rxu vshfl￿fdwlrq lv wkdw g+h, ghqrwhv wkh prqhwdu| frvw ri
mre0vhdufk dfwlylwlhv1 Wkhq/ } ￿ g+h, zrxog vwdqg iru wkh qhw ohyho ri frqvxpswlrq ri wkh
xqhpsor|hg1 Krzhyhu/ rq wrs ri h{shqvhv uhodwhg wr mre0vhdufk dfwlylwlhv/ g+h, fdq dovr
fdswxuh wkh glvxwlolw| ri vhdufk h￿ruw1
Wkh uhsuhvhqwdwlyh ￿up lv pdgh ri O ￿oohg mrev dqg   ydfdqw mrev1 Hdfk ￿oohg mre
surgxfhv d  rz ri | xqlwv ri rxwsxw/ zkhuhdv hdfk ydfdqw mre frvwv f shu xqlw ri wlph1
Zlwk d qrupdol}hg oderu irufh/ rqh h{0srvw kdv O @4￿ x1 " lv d oxps0vxp wudqvihu ru
wd{ sdlg wr ru e| wkh uhsuhvhqwdwlyh ￿up/ zlwk " : 31 Wklv oxps0vxp wudqvihu doorzv
iru d uhglvwulexwlrq ehwzhhq zrunhuv dqg wkh ￿up rzqhu1 Wkh uhsuhvhqwdwlyh ￿up0rzqhu*v
lqfrph  rz lv=
￿@+4 ￿ x,+| ￿ z, ￿ f ￿   . " +5,
zkhuh z lv wkh jurvv zdjh1
Dw d {W lv ohylhg rq hdfk ￿oohg mre e| wkh jryhuqphqw/ zlwk W @ z￿$1 Wkhvh uhvrxufhv
duh xvhg wr ￿qdqfh xqhpsor|hg ehqh￿wv } dqg wkh wudqvihu wr wkh ￿up0rzqhu "1D wd q |
8srlqw lq wlph/ wkh sxeolf exgjhw lv edodqfhg dffruglqj wr=
W +4 ￿ x,@x ￿ } . " / " @ W +4 ￿ x, ￿ x ￿ } +6,
Wklv exgjhw frqvwudlqw wrjhwkhu zlwk +5, jlyhv wkh iroorzlqj djjuhjdwh uhvrxufh frqvwudlqw=
+4 ￿ x,$ . } ￿ x .￿.f ￿   @+ 4￿ x,| +7,
Uhduudqjlqj wklv h{suhvvlrq rqh jhwv
+4 ￿ x,$ . x+} ￿ g+h, ,.￿@\ +8,
zkhuh \ ￿ +4 ￿ x,| ￿ x ￿ g+h, ￿ f ￿   vwdqgv iru wrwdo rxwsxw qhw ri vhdufk dqg ydfdqf|
frvwv1 ￿H!flhqf|￿ zloo eh dfklhyhg zkhq \ lv pd{lpl}hg1 Wkh uhglvwulexwlrq sureohp
frqvlvwv lq vkdulqj wklv qhw rxwsxw ehwzhhq hpsor|hg zrunhuv +$,/ xqhpsor|hg zrunhuv
+} ￿ g+h,, dqg wkh ￿up0rzqhu +￿,1
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h3oE￿3|￿ ￿ ￿￿ ￿ g￿ +9,
Dw wlph w @3 / wkh uhsuhvhqwdwlyh ￿up0rzqhu pd{lpl}hv=
pd{
v Sf v=w= b O @ p+￿, ￿   ￿ t ￿ O
wdnlqj wljkwqhvv ￿ dv jlyhq1 Vlqfh pdujlqdo surgxfwlylw| | lv frqvwdqw/ wkh vdph frqglwlrqv
zrxog eh uhdfkhg lq wkh vwdqgdug prgho zkhuh hdfk ￿up krogv rqo| rqh mre1 Lq wklv fdvh/
ohw M ghqrwhv wkh lqwhuwhpsrudo h{shfwhg ydoxh ri d ￿oohg ydfdqf| dqg Mv wkh h{shfwhg
y d o x hr id qr s h qy d f d q f | 1M dqg M￿ yhuli| wkh iroorzlqj htxdwlrqv=
u ￿ M ￿ b M @ | ￿ z . t+Mv ￿ M, +:,
u ￿ Mv ￿ b Mv @ ￿f . p+￿,+M ￿ Mv, +;,
Dvvxplqj iuhh hqwu| ri ydfdqflhv/ d vwhdg|0vwdwh htxloleulxp vkrxog eh fkdudfwhul}hg













9Wklv uhodwlrqvkls ehwzhhq wkh jurvv zdjh z dqg wljkwqhvv ￿ lv grzqzdug0vorslqj1 Wkh
kljkhu lv z/ wkh orzhu lv wkh ydoxh ri d ￿oohg mre M dqg wkh orzhu lv wkh qxpehu ri ydfdqflhv
lq wkh hfrqrp| dqg khqfh wkh orzhu lv wljkwqhvv ￿1 Vlqfh ￿ lv phdvxuhg lq h!flhqf| xqlwv/
rqh vkrxog qrwh wkdw wklv uhodwlrq grhv qrw ghshqg rq vhdufk lqwhqvlw| h1
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Ohw Y dqg Y ￿ ghqrwh wkh h{shfwhg olihwlph xwlolw| ri uhvshfwlyho| dq hpsor|hg dqg dq
xqhpsor|hg zrunhu1 Y vroyhv=
u ￿ Y ￿ b Y @ y+z ￿ W,.t+Y ￿ ￿ Y , +44,
Wzr fdvhv zloo eh frqvlghuhg1 Wkh rqh zkhuh vhdufk lqwhqvlw| lv revhuydeoh zloo eh
lqwurgxfhg odwhu1 Zkhq vhdufk fdqqrw eh revhuyhg/ dq xqhpsor|hg zrunhu kdv wr fkrrvh
khu vhdufk lqwhqvlw| dw dq| srlqw lq wlph1 Zlwk d vhdufk lqwhqvlw| h￿/ khu lqvwdqwdqhrxv
xwlolw| lv y+} ￿ g+h￿,, dqg khu h{shfwhg ￿fdslwdo jdlq￿ lv h￿ ￿ ￿+￿,+Y ￿ Y ￿,1 Khqfh/ wkh
h￿ruw ohyho lv wkh vroxwlrq ri=
u ￿ Y ￿ ￿ b Y ￿ @p d {
e￿
iy+} ￿ g+h￿,, . h￿ ￿ ￿+￿,+Y ￿Y ￿,j +45,
zkhuh Y / Y ￿/ b Y ￿ dqg ￿ duh wdnhq dv jlyhq1 Wkh ￿uvw0rughu frqglwlrq ri wklv sureohp lv 5=
3@￿+￿,+Y ￿ Y ￿, ￿ g￿ +h, ￿ y￿ +} ￿ g+h,, +46,
Dw d vwhdg| vwdwh zkhuh b Y @ b Y ￿ @3 / htxdwlrq +46, wrjhwkhu zlwk htxdwlrqv +44, dqg
+45, lpsolflwo| gh￿qh wkh rswlpdo vhdufk ohyho h dffruglqj wr 3@V +￿>z>h, zlwk=
V +￿>z>h, ￿ ￿+￿,+y+z ￿ W, ￿ y+} ￿ g+h,,, ￿ g￿ +h, ￿ y￿ +} ￿ g+h,,+u . t . h ￿ ￿+￿,,
+47,
Lw fdq eh yhul￿hg +vhh Dsshqgl{ 4, wkdw wkh iroorzlqj sduwldo ghulydwlyhv kdyh xqdp0
eljxrxv vljqv 6= V￿
e ? 3/ V￿
￿ A 3/ V￿
w A 31 Wkhuhiruh/ wkh rswlpdo vhdufk lqwhqvlw| lqfuhdvhv
zlwk z dqg ￿1 Lw fdq eh fkhfnhg wkdw dq lqfuhdvh lq W orzhuv vhdufk lqwhqvlw| +vlqfh
V￿
A @ ￿V￿
￿ ? 3, zkloh d ulvh lq wkh ohyho ri xqhpsor|phqw ehqh￿wv kdv dq dpeljxrxv
h￿hfw rq h1 Zlwk wkh fkrvhq lqvwdqwdqhrxv xwlolw| ixqfwlrq/ dq lqfuhdvh lq } uhgxfhv wkh
pdujlqdo glvxwlolw| ri vhdufk h￿ruw 71 Lw dovr ghfuhdvhv wkh pdujlqdo jdlq ri vhdufk1 Khqfh
wkh dpeljxrxv qhw h￿hfw rq h1
5Wkh vhfrqg0rughu frqglwlrq lv vdwlv￿hg vlqfh _
￿￿ E￿￿ D f dqg ￿
￿￿ E￿￿ ￿ f1 Lw vkrxog eh qrwlfhg wkdw vlplodu
frqfoxvlrqv zrxog eh rewdlqhg li wkh xwlolw| ri xqhpsor|hg zrunhu ￿ zdv ghqrwhg e| ￿ E5 3 S￿￿ dqg li khu
h{lw udwh iurp xqhpsor|phqw zdv zulwwhq dv RES￿￿ u kEw￿/ surylghg wkdw S ￿ _Ee￿ dqg RE￿￿ ￿ _
3￿ E￿￿1
6Iru dq| ixqfwlrq s E￿c￿￿￿c￿￿/ s
￿
% ghqrwhv wkh sduwldo ghulydwlyhv ri s zlwk uhvshfw wr %1
7Wklv h￿hfw zrxog qrw eh suhvhqw li wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq zdv vhsdudeoh1
:Plfurhfrqrphwulf hvwlpdwlrqv jhqhudoo| ohdg wr wkh frqfoxvlrq wkdw wkh lqglylgxdo h{lw
udwh rxw ri xqhpsor|phqw lv qhjdwlyho| d￿hfwhg e| wkh ohyho ri xqhpsor|phqw ehqh￿wv1
Iurp wklv hylghqfh/ wkh fdvh zkhuh=
V￿
5 ? 3 +48,
lv wkh prvw sodxvleoh rqh +vhh Od|dug hw do 4<<4 dqg Kropoxqg 4<<; dprqj rwkhuv,1
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D pdwfk jhqhudwhv d vxusoxv wkdw lv vkduhg ehwzhhq wkh zrunhu dqg wkh ￿up0rzqhu1 Ohw
￿ eh wkh h{rjhqrxv edujdlqlqj srzhu ri wkh zrunhu/ zlwk 3 ?￿?41 Wkh jurvv zdjh udwh
pd{lpl}hv wkh iroorzlqj Qdvk surgxfw=
pd{
￿ +Y ￿ Y ￿,
￿ +M ￿ Mv,￿3￿
Wkh ohyho ri wd{hv W lv d ixqfwlrq ri wkh jurvv zdjh z1 Wkh zdjh vhwwhuv uhdol}h wkdw d
pdujlqdo ulvh ri wkh jurvv zdjh ri dq dprxqw ￿z fkdqjhv wkh ohyho ri wd{hv e| W6 ￿ ￿z/
zkhuh W6 ghqrwhv wkh pdujlqdo wd{ udwh1 Wdnlqj wklv uhodwlrqvkls dqg ￿ dv jlyhq/ wkh
￿uvw0rughu frqglwlrq ri wkh suhylrxv pd{lpl}dwlrq fdq eh zulwwhq dv =
Y ￿ Y ￿ @
￿ +4 ￿W6,
4 ￿ ￿
￿ y￿ +z ￿ W, ￿ +M ￿ Mv, +49,
Ohw a ￿ eh vxfk wkdw=
a ￿
4 ￿ a ￿
@
￿ +4 ￿ W6,
4 ￿ ￿
+4:,
a ￿ ghqrwhv wkh hpsor|hhv* dfwxdo edujdlqlqj srzhu wdnlqj lqwr dffrxqw wkh qhjdwlyh h￿hfw ri
wkh pdujlqdo wd{ udwh rq wkhlu h￿hfwlyh edujdlqlqj vwuhqjwk1 Iru jlyhq wljkwqhvv ￿/ vhdufk
lqwhqvlw| h/ edujdlqlqj srzhu ￿ dqg ohyho ri wd{hv W/ d kljkhu pdujlqdo wd{ udwh orzhuv wkh
fkdqjh lq wkh diwhu wd{ zdjh uhvxowlqj iurp d jlyhq lqfuhdvh lq wkh qhjrwldwhg jurvv zdjh1
Wklv orzhuv wkh hpsor|hhv* uhqw Y ￿Y ￿ dqg hyhqwxdoo| ohdgv wr zdjh prghudwlrq +vhh h1j1
Pdofrpvrq dqg Vdwru +4<;:,/ Orfnzrrg dqg Pdqqlqj +4<<6,,1
Frpelqlqj +49, zlwk +44, dqg +45, dqg wkh iuhh hqwu| frqglwlrq +<, |lhogv dw d vwhdg|
vwdwh ZV+￿>z>h, @3zlwk =
ZV+￿>z>h, ￿ y+z ￿ W, ￿ y+} ￿ g+h,, ￿
￿ +4 ￿ W6,
4 ￿ ￿
￿
u .t . h ￿ ￿+￿,
p+￿,
￿ f ￿ y￿ +z ￿ W,
+4;,
Wklv htxdwlrq gh￿qhv wkh zdjh0vhwwlqj fxuyh1 Iurp Dsshqgl{ 4 rqh kdv= ZV￿
w ? 3/
ZV￿




A ? 3/ ZV￿
A6 A 3 dqg ZV￿
5 ? 31 Frqglwlrqdo rq h/
wkh zdjh0vhwwlqj fxuyh lv wkhuhiruh xszdug0vorslqj lq d +￿>z, vsdfh1 Li wkh pdujlqdo wd{
;udwh lv ￿{hg dqg ￿ dqg h duh jlyhq/ lqfuhdvlqj wkh ohyho ri wd{hv W udlvhv wkh qhw zdjh
udwh1 Rq wkh frqwudu|/ iru jlyhq ohyhov ri wd{hv W/ wljkwqhvv ￿ dqg vhdufk lqwhqvlw| h/d
pruh surjuhvvlyh wd{ vfkhgxoh zloo sxw d grzqzdug suhvvxuh rq wkh qhjrwldwhg zdjh1 Pruh
jhqhurxv xqhpsor|phqw ehqh￿wv kdyh wkh xvxdo srvlwlyh h￿hfw rq zdjhv1
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Frqglwlrqdo rq }/ W/ W6/ ￿/ ru htxlydohqwo|/ frqglwlrqdo rq }/ W/ a ￿/ d vwhdg|0vwdwh htxlole0
ulxp +￿>z>h, lv d vroxwlrq ri wkh v|vwhp=
z @ !+￿, V +￿>z>h,@3 ZV+￿>z>h,@3 +4<,
zkhuh !+=,/ V +=>=>=, dqg ZV+=>=>=, duh uhvshfwlyho| gh￿qhg lq +43,/ +47, dqg +4;,1 Htxd0
wlrq +4, wkhq jlyhv wkh xqhpsor|phqw udwh x dqg frqvhtxhqwo| wkh udwh ri ydfdqw mrev  1
Ilqdoo|/ htxdwlrq +6, vhwv wkh ohyho ri wkh wudqvihu wr wkh uhsuhvhqwdwlyh ￿up0rzqhu "1
Wkh htxloleulxp fdq eh fkdudfwhul}hg lq d pruh vlpsoh zd| e| gh￿qlqj ixqfwlrqv
V+￿>h, ￿ V +￿>!+￿,>h, dqg Z+￿>h, ￿ ZV+￿>!+￿,>h,1 Vlqfh htxdwlrq +43, ghshqgv
qhlwkhu rq vhdufk lqwhqvlw| h qru rq srolf| sdudphwhuv +}>W>W6,/ rqh jhwv V￿
e +￿>h, @
V￿
e +￿>!+￿,>h, ? 3/ V￿
% +￿>h, @ V￿
% +￿>!+￿,>h, iru { @ }/ W/ W61 Vlploduo|/ rqh kdv
Z￿
w +￿>h, ? 3/ Z￿
e +￿>h, @ Z￿
e +￿>!+￿,>h, @ ￿
VEwce￿
on^neukEw￿ dqg Z￿
% +￿>h, @ Z￿
% +￿>!+￿,>h, iru
{ @ }>W>W61 Dsshqgl{ 5 vkrzv wkdw wkh v|vwhp V+￿>h, @ Z+￿>h, @3dgplwv dw prvw
rqh vroxwlrq/ vr wkh htxloleulxp +li dq| 8, lv xqltxh1 Khqfh/ wkh lvvxh ri pxowlsoh htxloleuld
lv uxohg rxw1 D yhfwru +}>W>W6>￿, wkdw ghfhqwudol}hv dq rswlpxp +￿>z>h, wkhq qhfhvvdulo|
ohdgv wr wklv rswlpdo vroxwlrq1 Wklv surshuw| zloo eh yhu| frqyhqlhqw odwhu rq zkhq rswlpd
zloo eh ghfhqwudol}hg1
H{sorlwlqj wkh surshuw| wkdw lq htxloleulxp Z￿


















w ? 3/ Z￿
5 ? 3/ Z￿
A ? 3/ Z￿
A6 A 3 rqh kdv g￿@g} ? 3/ g￿@gW ? 3 dqg
g￿@gW6 A 31 Wkhvh uhvxowv jhqhudol}h hduolhu uhvxowv ri Slvvdulghv +4<<;/ 5333, dqg
Iuhgulnvvrq dqg Kropoxqg +5334,1 Wkh gluhfwlrq lq zklfk wkh htxloleulxp ydoxhv ri wljkw0
qhvv dqg zdjh ydu| zlwk wkh srolf| sdudphwhuv lv hqwluho| ghwhuplqhg e| wkh vljq ri wkhlu
sduwldo h￿hfwv rq wkh zdjh vhwwlqj fxuyh Z+=>=,/ lqghshqghqwo| ri vhdufk ehkdylru1 Ilqdoo|/
Dsshqgl{ 5 h{sodlqv zk| wkh pdujlqdo h￿hfw ri W dqg W6 rq h fdq rqo| eh vljqhg li a ￿
lv htxdo wr wkh hodvwlflw| ri wkh pdwfklqj ixqfwlrq zlwk uhvshfw wr xqhpsor|phqw1 Jhq0
hudo dqg sduwldo htxloleulxp h￿hfwv rq h wkhq frlqflgh1 Rwkhuzlvh/ lq jhqhudo/ zh fdqqrw
frqfoxgh derxw wkh qhw h￿hfwv ri wkhvh srolf| sdudphwhuv rq vhdufk lqwhqvlw|1
8H{lvwhqfh lv qrw dozd|v jxdudqwhhg1 Wklv rffxuv iru lqvwdqfh li 5:+ 1 Qrwlfh wkdw dq htxloleulxp
h{lvwv iru vrph ydoxhv ri wkh sdudphwhuv vlqfh Ohkpdqq dqg Ydq ghu Olqghq +5335, duh deoh wr vlpxodwh lw1
<Sursrvlwlrq 4 Wkhuh lv +dw prvw, d vlqjoh vwhdg|0vwdwh htxloleulxp lq wklv hfrqrp|1 Dw
wkh htxloleulxp/ wljkwqhvv ￿ +uhvshfwlyho|/ wkh jurvv zdjh z, ghfuhdvhv +uhvs1 lqfuhdvhv,
zlwk wkh ohyhov ri xqhpsor|phqw ehqh￿wv } dqg wd{ W dqg lqfuhdvhv +uhvs1 ghfuhdvhv, zlwk
wkh pdujlqdo wd{ udwh W61
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Lq wklv vhfwlrq/ zh ￿uvw orrn dw wkh rswlpdo doorfdwlrq ri uhvrxufhv wkdw d ehqhyrohqw vrfldo
sodqqhu zrxog lpsohphqw li kh frxog shuihfwo| frqwuro vhdufk lqwhqvlw|1 Wklv vhfwlrq wkhq
h{sodlqv krz wr ghfhqwudol}h wklv rswlpxp1
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Frqvlghu d ehqhyrohqw sodqqhu lq fkdujh ri wkh xqhpsor|phqw lqvxudqfh dqg wkh uhglvwul0
exwlrq v|vwhpv1 Iru wkh uhdvrqv jlyhq lq wkh lqwurgxfwlrq/ zh dvvxph wkdw wkh sodqqhu lv
frqfhuqhg zlwk wkh iroorzlqj vrfldo fulwhulrq ￿=
￿@+4 ￿ x,Y . x ￿ Y ￿ . ￿ ￿ S
Wklv fulwhulrq ￿ lv d xwlolwduldq remhfwlyh wkdw dggv wzr frpsrqhqwv1 Wkh ￿uvw rqh/
+4 ￿ x,Y .x￿ Y ￿/ lv wkh vxp ri wkh lqwhu0whpsrudo xwlolwlhv ri hpsor|hg dqg xqhpsor|hg
zrunhuv zhljkwhg e| wkhlu qxpehuv1 Wkh vhfrqg frpsrqhqw lv wkh lqwhu0whpsrudo sur￿w
ri wkh uhsuhvhqwdwlyh ￿up0rzqhu zhljkwhg e| d sdudphwhu ￿A31 Wklv sdudphwhu lv
wkhuhiruh wkh +frqvwdqw, vrfldo pdujlqdo ydoxh ri sur￿wv1 Wkh ￿uvw frpsrqhqw ri ￿ fdq
dovr eh uhlqwhusuhwhg lq dq h{0dqwh shuvshfwlyh dv wkh h{shfwhg xwlolw| ri d uhsuhvhqwdwlyh
zrunhu zkr lv dzduh wkdw vkh zloo eh xqhpsor|hg zlwk d suredelolw| 9 x dqg hpsor|hg
zlwk suredelolw| 4 ￿ x1 Lq zkdw iroorzv/ zh sulylohjh wkh lqvxudqfh lqwhusuhwdwlrq dqg
wkh h{suhvvlrq ￿uhglvwulexwlrq￿ zloo ghvljqdwh wkh zd| qhw lqfrph lv vkduhg ehwzhhq wkh
￿up0rzqhu dqg wkh zrunhuv wdnhq dv d zkroh1 Zh dvvxph wkdw wkh sodqqhu pd{lpl}hv wkh
suhvhqw fhuwdlqw| htxlydohqw ri ￿/ qdpho| u ￿ ￿1




h3o|i+4 ￿ x,y+$, . x ￿ y+} ￿ g+h,, . ￿ ￿ ￿j gw +53,
Dw wkh vwhdg| vwdwh/ pd{lpl}lqj u ￿ ￿ lv htxlydohqw wr pd{lpl}lqj +4 ￿ x,y+$, . x ￿
y+} ￿ g+h,, . ￿ ￿ ￿1 Iru vlpsolflw|/ lw lv vwdqgdug wr ljqruh wkh wudqvlwlrqdo g|qdplfv
dqg wr frqvlghu wkdw u $ 3 1 Wkh vrfldo sodqqhu wkhuhiruh pd{lpl}hv +4 ￿ x,y+$, . x ￿
9Wkh uhlqwhusuhwdwlrq ri ￿ dv d suredelolw| lv pdgh srvvleoh e| rxu qrupdol}dwlrq wr ￿ ri wkh +h{rjhqrxv,
vl}h ri wkh oderu irufh1
43y+} ￿ g+h,, . ￿ ￿ ￿1 Lw lv uhdvrqdeoh wr lpsrvh d qrqqhjdwlyh : ydoxh iru ￿1 Krzhyhu/ d
frqvwudlqw ￿ ￿ 3 zloo qrw h{solflwo| eh lpsrvhg lq wkh iroorzlqj pd{lpl}dwlrq sureohpv1
Lw lv lpsolflwo| dvvxphg wkdw wkh h{rjhqrxv ydoxh ri ￿ lv vx!flhqwo| kljk vr wkdw ￿ lv
qrqqhjdwlyh dw wkh rswlpxp1 Wdnlqj wkh uhvrxufh frqvwudlqw +7, dqg wkh  rz htxloleulxp




+4 ￿x, ￿ y+$,.x ￿ y+} ￿ g+h,, . ￿ ￿ ^+4 ￿ x,+| ￿ $, ￿ +} . f ￿ h ￿ ￿,x‘+54,
v=w= = h ￿ ￿+￿, ￿ x @ t+4 ￿ x, +￿￿,
Lqwurgxflqj vxevfulsw 4 wr ghqrwh wkh ￿uvw0ehvw rswlpxp dqg ghqrwlqj ￿￿ wkh Odjudqjh
pxowlsolhu/ wkh ￿uvw rughu frqglwlrqv zlwk uhvshfw wr $/ }/ h/ x/ ￿ duh uhvshfwlyho|=
3@+4 ￿x￿,
￿










￿y￿ +}￿ ￿ g+h￿,, ￿ g￿ +h￿, ￿ ￿ ￿ f ￿ ￿￿ . ￿￿ ￿ ￿+￿￿,
￿
+57,
3@y+} ￿ g+h￿,, ￿ y+$￿, . ￿+$￿ ￿ | ￿ }￿ ￿ f ￿ h￿ ￿ ￿￿, . ￿￿ +h￿ ￿ ￿+￿￿, . t, +58,
3@￿f ￿ h￿ ￿ ￿ ￿ x￿ . ￿￿ ￿ h￿ ￿ ￿￿ +￿￿, ￿ x￿ +59,
Htxdwlrqv +55, dqg +56, lpso| wkdw=
y￿ +$￿, @ y￿ +}￿ ￿ g+h￿,, @ ￿ +5:,
Khqfh=
$￿ @ }￿ ￿ g+h￿,
Xqghu shuihfw lqirupdwlrq/ wkh vrfldo sodqqhu fdq shuihfwo| lqvxuh zrunhuv djdlqvw wkh xq0
hpsor|phqw ulvn1 Zlwk wkh lqvwdqwdqhrxv xwlolw| ixqfwlrqv fkrvhq deryh/ wklv lv dfklhyhg
e| pdnlqj zrunhuv lqgl￿huhqw ehwzhhq wkh xqhpsor|phqw dqg hpsor|phqw vwdwhv <1 Frq0






g￿ +h￿, . f ￿ ￿￿
￿+￿￿,
@
| . g+h￿, . h￿ ￿ f ￿ ￿￿





Frqvhtxhqwo|/ wkh rswlpdo ohyhov ri wljkwqhvv dqg vhdufk lqwhqvlw| duh gh￿qhg e| d
v|vwhp ri wzr htxdwlrqv wkdw duh lqghshqghqw ri ￿1 Sxw dqrwkhu zd|/ wkh rswlpdo ohyho ri
:Zkhq o whqgv wr f/ lw fdq eh fkhfnhg wkdw ￿ whqgv wr ￿ dw htxloleulxp￿
;Irupdoo|/ rqh vkrxog pd{lpl}h l zlwk o:f xqghu wkh g|qdplfdo frqvwudlqw ￿ ￿ ’ ^ E￿ 3 ￿￿3eukEw￿u￿/
ghulyh wkh ￿uvw0rughu dqg hqyhorssh frqglwlrqv dqg wdnh wkh olplwv ri wkrvh frqglwlrqv iru o < f1L wf d qe h
yhul￿hg wkdw wklv phwkrg dqg wkh pd{lpl}dwlrq ri wkh iroorzlqj sureohp jlyh wkh vdph uhvxowv iru o < f1
<Li xqhpsor|phqw zrunhuv* lqvwdqwdqhrxv xwlolw| zdv ￿ E5￿ 3 _Ee￿/ wkh ￿uvw ehvw zrxog htxdol}h lqvwdq0
wdqhrxv lqfrphv lqvwhdg ri xwlolwlhv1
44￿ dqg h fdq eh fkrvhq luuhvshfwlyho| ri wkh zd| qhw rxwsxw lv vkduhg ehwzhhq wkh zrunhuv
dqg wkh uhsuhvhqwdwlyh ￿up0rzqhu1
Iurp htxdolwlhv lq +5;,/ zh jhw wkdw wkh vrfldo rswlpxp lv ghwhuplqhg e| hlwkhu
I +￿￿>h ￿,@J+￿￿>h ￿,@3 /r uI +￿￿>h ￿,@K +￿￿>h ￿,@3ru J+￿￿>h ￿,@K +￿￿>h ￿,@3 /
zkhuh=
I +￿>h, ￿ ￿￿ +￿,
￿
g￿ +h,.f ￿ ￿
￿
￿ f ￿ ￿+￿,
J+￿>h, ￿ ￿+￿,+| . g+h,.f ￿ ￿ ￿ h, ￿
￿
f ￿ ￿ . g￿ +h,
￿
+h ￿ ￿+￿,.t,
K +￿>h, ￿ ￿￿ +￿,+| . g+h,.h ￿ f ￿ ￿, ￿ f+h ￿ ￿+￿,.t,
Frqglwlrqdo xsrq wkh rswlpdo frqglwlrqv +5:,/ ixqfwlrq K +￿>h, lpsolflwo| gh￿qhv wkh rswl0
pdo ohyho ri wljkwqhvv dv d ixqfwlrq ri vhdufk lqwhqvlw| zkhuhdv ixqfwlrq J+￿>h, lpsolflwo|
gh￿qhv wkh rswlpdo ohyho ri vhdufk lqwhqvlw| dv d ixqfwlrq ri wljkwqhvv1
Dsshqgl{ 7 ￿uvw vkrzv wkdw I￿
w ? 3 dqg I￿
e A 31 Frqvhtxhqwo|/ ixqfwlrq I +=>=, lv
xszdug0vorslqj lq wkh +￿>h, sodqh +vhh ￿jxuh 4,1 Vhfrqg/ zh vkrz wkdw J￿




kEw￿I +￿>h,1 Frqvhtxhqwo|/ lq wkh +￿>h, sodqh ixqfwlrq J+=>=, lv xszdug0vorslqj
+uhvshfwlyho| grzqzdug0vorslqj, dw wkh ohiw +uhvshfwlyho| dw wkh uljkw, ri ixqfwlrq I +=>=,
dqg lqwhuvhfwv ixqfwlrq I +=>=, krul}rqwdoo| +vhh ￿jxuh 4,1 Wklug/ zh vkrz wkdw K￿
w ? 3
dqg K￿
e @ I +￿>h,1 Khqfh/ lq wkh +￿>h, vsdfh/ ixqfwlrq K +=>=, lv xszdug0vorslqj +uh0
vshfwlyho| grzqzdug0vorslqj, deryh +uhvshfwlyho| ehorz, ixqfwlrq I +=>=, dqg lqwhuvhfwv
ixqfwlrq I +=>=, yhuwlfdoo| +vhh Iljxuh 4,1 Wklv frq￿jxudwlrq jxdudqwhhv wkh xqlflw| ri d
vroxwlrq wr wkh v|vwhp +5;, 431
Zh qrz vkrz wkdw wkh ￿uvw0ehvw vroxwlrq +h￿>￿￿>x ￿, pd{lpl}hv wrwdo rxwsxw qhw ri
vhdufk frvwv \ =
pd{
ec￿cw
\ @ +4 ￿ x,| ￿ x ￿ g+h, ￿ f ￿ h ￿ ￿ ￿ x +5<,
v=w= = h ￿ ￿+￿, ￿ x @ t+4 ￿ x,
Ghqrwlqj ￿t wkh Odjudqjh pxowlsolhu/ wkh ￿uvw0rughu frqglwlrqv duh=
￿
￿t @
￿ g￿ +h, . f ￿ ￿
￿+￿,
@
| . g+h, .h ￿ f ￿ ￿




Frpsdulqj wkhvh h{suhvvlrqv zlwk +5;,/ lw lv reylrxv wkdw wkh vroxwlrq +h>￿, wr sureohp
+5<, lv h{dfwo| wkh ￿uvw0ehvw rswlpxp +h￿c￿￿,1 Khqfh/ wkh xqhpsor|phqw udwh x lv htxdo
wr x￿1 Dw wkh ￿uvw0ehvw rswlpxp/ wrwdo rxwsxw qhw ri frvwv lv wkhuhiruh pd{lpl}hg1 Frqvh0
txhqwo|/ h!flhqf| dqg htxlw| jrdov fdq eh dfklhyhg vhsdudwho|1 Wkh iroorzlqj sursrvlwlrq
vxppdul}hv wkh sulqflsdo uhvxowv ri wklv vhfwlrq=
43Wkh surri ri wkh xqlflw| ri wkh vroxwlrq wr 8 Ewce￿ ’ M Ewce￿ ’flv vlplodu wr wkh surri ri wkh xqlflw|











Iljxuh 4= Wkh ￿uvw0ehvw fkrlfh ri +￿>h,
Sursrvlwlrq 5 Xqghu shuihfw lqirupdwlrq/ wkh fhqwudo sodqqhu lv deoh wr ghdo vhsdudwho|
zlwk doorfdwlyh h!flhqf| dqg zlwk wkh ulvn0vkdulqj dqg uhglvwulexwlyh remhfwlyhv1 Wkh ￿uvw0
ehvw ohyhov ri vhdufk h￿ruw dqg wljkwqhvv pd{lpl}h wrwdo rxwsxw qhw ri frvwv1 Jlyhq wkhvh
rswlpdo ohyhov/ wkh ￿uvw0ehvw lqfrph ohyhov jxdudqwhh d frqvwdqw ohyho ri xwlolw| zkhwkhu
zrunhuv duh hpsor|hg ru qrw1 Wklv ohyho lv kljkhu wkh orzhu wkh vrfldo zhljkw dwwulexwhg wr
sur￿wv1
%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Lq wklv vhfwlrq/ zh ghvfuleh wkh srolflhv uhtxluhg wr ghfhqwudol}h wkh ￿uvw0ehvw rswlpxp1
Jlyhq wkh xqhpsor|phqw ehqh￿wv }/ wd{ ohyho W/ pdujlqdo wd{ udwh W6 dqg vhdufk lqwhqvlw|
h/ wkh htxloleulxp vroyhv z @ !+￿, dqg ZV+￿>z>h, @3 1 Wkh vwhdg|0vwdwh ohyho ri
xqhpsor|phqw x lv wkhq jlyhq e| htxdwlrq +4,1
Wr lpsohphqw wkh ￿uvw0ehvw rswlpxp/ wkh Vwdwh kdv wr ghfhqwudol}h dq htxloleulxp lq
zklfk zrunhuv duh shuihfwo| lqvxuhg djdlqvw wkh xqhpsor|phqw ulvn1 Dffruglqj wr +4;,/
lpsohphqwlqj wklv htxloleulxp uhtxluhv a ￿￿ @3 1 Vxfk d orz dfwxdo edujdlqlqj srzhu lv
xqdyrlgdeoh wr suhyhqw lqvlghuv iurp h{wudfwlqj d uhqw Y ￿Y ￿ A 3 wkrxjk zdjh edujdlqlqj1
Zkhqhyhu wkh edujdlqlqj srzhu ￿ lv srvlwlyh/ wklv fdq rqo| eh dfklhyhg zlwk d pdujlqdo
46wd{ udwh W6c￿ @4+vhh htxdwlrq +4:,,1 Vr/ wkh ghfhqwudol}dwlrq ri wkh ￿uvw0ehvw rswlpxp
lv wkhq lpsrvvleoh zlwkrxw dq ch{wuhpho|* surjuhvvlyh lqfrph wd{ vfkhgxoh1
Wkh Vwdwh fdq ￿{ wkh ohyho ri xqhpsor|phqw ehqh￿wv wr }￿1 E| dvvxpswlrq/ lw lv
dovr deoh wr lpsrvh d vhdufk lqwhqvlw| h￿= Wkhuhiruh/ hpsor|hg zrunhuv hduq d qhw lqfrph
htxdo wr wkh ￿uvw0ehvw rqh= $￿ @ }￿ ￿ g+h￿,1 Nqrzlqj wkh rswlpdo ydoxh ￿￿/ ohw wkhq wkh
o h y h or iw d {e hj l y h qe |W￿ @ !+￿￿, ￿ $￿1 Vlqfh/ a ￿￿ @3 / } @ }￿ dqg h @ h￿/w k hz d j h
edujdlqlqj surfhvv lpsolhv z @ z￿ @ $￿.W￿ dffruglqj wr +4;,1 Jlyhq wklv jurvv zdjh/ wkh
uhsuhvhqwdwlyh ￿up fkrrvhv lwv rswlpdo ohyho ri ydfdqflhv xqwlo wkh iuhh0hqwu| frqglwlrq +<,
lv phw1 Wkh htxlydohqfh ehwzhhq wkh iuhh0hqwu| frqglwlrq +<, dqg htxdwlrq +43, jxdudqwhhv
wkdw ￿ vroyhv htxdwlrq z￿ @ !+￿,/ zklfk kdv d xqltxh vroxwlrq/ qdpho| ￿￿1
Sursrvlwlrq 6 Xqghu shuihfw lqirupdwlrq/ wkh Vwdwh fdq dozd|v ghfhqwudol}h wkh ￿uvw0
ehvw rswlpxp zlwk d }hur dfwxdo edujdlqlqj srzhu iru wkh zrunhuv +a ￿￿ @3 ,1 Zkhq wkhlu
edujdlqlqj srzhu ￿ lv srvlwlyh/ wkh pdujlqdo wd{ udwh vkrxog eh htxdo wr 433(1
Rqh pd| zrqghu zk| wkh ghfhqwudol}dwlrq zlwk ulvn dyhuvh zrunhuv gl￿hu vr pxfk iurp
wkh rqh xqghu olqhdu suhihuhqfhv +l1h1 zlwk y￿￿ +=, @3dqg y￿ +=, ￿ ￿,1 Lq wkh odwwhu fdvh/
wkh vrfldo sodqqhu lv rqo| frqfhuqhg zlwk wrwdo rxwsxw qhw ri vhdufk frvwv \ +gh￿qhg lq
htxdwlrq +8,,/ lqghshqghqwo| ri wkh zd| wklv rxwsxw lv vkduhg ehwzhhq wkh hpsor|hg/ wkh
xqhpsor|hg dqg wkh ￿up rzqhu1 Wkhuh lv wkhuhiruh d pxowlsolflw| ri ￿uvw0ehvw rswlpd1
Dq| frpelqdwlrq ri $/ } dqg ￿ ohdglqj wr wkh vdph wrwdo rxwsxw \￿ lv dfwxdoo| d ￿uvw0ehvw
rswlpxp lq wklv fdvh1 Dprqj wklv lq￿qlwh qxpehu ri rswlpd/ rqh xvxdoo| vhohfwv d vshfl￿f
rqh/ qdpho| wkh rqh wkdw fdq eh ghfhqwudol}hg zlwkrxw Vwdwh lqwhuyhqwlrq1 Ghfhqwudol}lqj
wklv odlvvh}0idluh hfrqrp| zlwk d edujdlqlqj srzhu vdwlvi|lqj wkh Krvlrv frqglwlrq |lhogv
rqo| rqh ri wkhvh rswlpd/ qdpho| wkh rqh zkhuh } @ W @3dqg $￿ @ z￿ A 31Z k h q
suhihuhqfhv whqg wr wkh olqhdu fdvh/ rxu ghfhqwudol}dwlrq dssurdfk ohdgv wr dqrwkhu rswlpxp
zlwk } @ }￿ @ $￿ . g+h￿, A 31
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Lq wklv vhfwlrq/ zh frqvlghu wkh pruh uhdolvwlf fdvh zkhuh vhdufk lqwhqvlw| lv qrw revhuyhg
e| wkh Vwdwh1 Dv lq wkh ￿uvw ehvw/ wkh wd{ v|vwhp dqg wkh ohyho ri xqhpsor|phqw ehqh￿wv
duh wkh lqvwuxphqwv xvhg wr surprwh h!flhqf| dqg htxlw|1 Exw qrz wkh Vwdwh idfhv d
prudo kd}dug sureohp1 Dq lqfhqwlyh frqvwudlqw frqfhuqlqj xqhpsor|hg zrunhuv* vhdufk
ehkdylru vkrxog qrz eh wdnhq lqwr dffrxqw e| wkh Vwdwh1 Vlqfh u whqgv wr 3> wklv ehkdylru
47lv ghvfulehg dw wkh vwhdg| vwdwh e|=
g￿ +h, ￿ y￿ +} ￿ g+h,,+t . h ￿ ￿+￿,, @ ￿+￿,+y+$, ￿ y+} ￿ g+h,,, +63,
Dffruglqj wr htxdwlrqv +44,/ +45, +46,/ $ @ z￿W1 Wkh vhfrqg0ehvw rswlpl}dwlrq frqvlvwv
lq sureohp +54, h{whqghg wr lqfoxgh wklv lqfhqwlyh frqvwudlqw +63,/ qdpho|=
pd{
wc/c￿c5ce
+4 ￿ x, ￿ y+$,.x ￿ y+} ￿g+h,, . ￿^+4 ￿ x,+| ￿ $, ￿ } ￿ x ￿f ￿ h ￿ ￿ ￿ x‘
3@h ￿ ￿+￿, ￿ x ￿ t+4 ￿ x, +￿2,
3@￿+￿,+y+$, ￿ y+} ￿ g+h,,, ￿ g￿ +h, ￿ y￿ +} ￿ g+h,,+t . h ￿ ￿+￿,, +#2,
Lqwurgxflqj vxevfulsw 5 wr ghqrwh wkh vhfrqg0ehvw rswlpxp/ ohw ￿2 +uhvshfwlyho| #2,
ghqrwh wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh  rz htxloleulxp +uhvshfwlyho| wkh lq0




y￿ +$2, ￿ ￿
￿
. #2 ￿ ￿+￿2, ￿ y￿ +$2, +64,
3@x2
￿














￿g￿￿ +h2, ￿ y￿ +}2 ￿ g+h2,, .
￿
g￿ +h2,
￿2 ￿ y￿￿ +}2 ￿ g+h2,,
r
+t . h2 ￿ ￿+￿2,,
3@y+}2 ￿ g+h2,, ￿ y+$2, . ￿+$2 ￿| ￿ }2 ￿ f ￿ h2 ￿ ￿2, . ￿2+h2 ￿ ￿+￿2, . t, +67,
3@￿f ￿ h2 ￿ ￿ ￿ x2 . ￿2 ￿ ￿￿ +￿2, ￿ h2 ￿ x2 . +68,
#2 ￿ ￿￿ +￿2, ￿
￿
y+$2, ￿ y+}2 ￿ g+h2,, ￿ h2 ￿ g￿ +h2, ￿ y￿ +}2 ￿ g+h2,,
￿
Li suhihuhqfhv zhuh olqhdu +l1h1 zlwk y￿ ￿ ￿,/ htxdwlrqv +64, dqg +65,zrxog lpso| wkdw
#2 @3 1 Khqfh/ wkh wkuhh odvw frqglwlrqv +66, wr +68, zrxog h{dfwo| fruuhvsrqg wr wkrvh
irxqg lq wkh ￿uvw0ehvw fdvh1 Vr/ rqh jhwv h2 @ h￿/ ￿2 @ ￿￿/ x2 @ x￿ dqg wkhuhe| \2 @ \￿=
Wkh vhfrqg ehvw zrxog pd{lpl}h wrwdo rxwsxw qhw ri frvwv dqg wkh lqfhqwlyh frqvwudlqw +63,
zrxog wkhq vshfli| wkh gl￿huhqfh lq lqfrph ehwzhhq hpsor|hg dqg xqhpsor|hg zrunhuv1
Xqghu ulvn dyhuvlrq/ wkh lqfhqwlyh frqvwudlqw +63, lpsolhv wkdw $2 A} 2 ￿ g+h2,(
Wkhuhiruh/ y￿ +$2, ?y ￿ +}2 ￿ g+h2,,( Khqfh/ dffruglqj wr +64, dqg +65,/ wkh surshuw|
#2 9@3lv uhtxluhg1 Dsshqgl{ 8 h{sodlqv zk| #2 A 31 Pruhryhu/ Dsshqgl{ 8 vkrzv wkdw
J+￿2>h 2, A 3 dqg K +￿2>h 2, ? 31 Uhphpehulqj wkh surshuwlhv ri ixqfwlrqv J dqg K/
wkhvh surshuwlhv lpphgldwho| lpso| wkh iroorzlqj lqhtxdolwlhv=
h2 ?h ￿ dqg ￿2 A￿ ￿
48Wkh lqwxlwlrq ehklqg wkhvh surshuwlhv lv wkh iroorzlqj1 Ehfdxvh ri prudo kd}dug/ wkhuh
lv qrz d wudgh0r￿ ehwzhhq h!flhqf| dqg htxlw| jrdov1 Wr lqgxfh vhdufk h￿ruw/ hpsor|hg
zrunhuv qhfhvvdulo| hqmr| kljkhu xwlolw| ohyhov wkdq xqhpsor|hg rqhv dw wkh vhfrqg ehvw1
Nhhslqj vhdufk h￿ruw dw lwv ￿uvw0ehvw ohyho zrxog krzhyhu uhtxluh d gl￿huhqfh lq xwlolwlhv
ehwzhhq hpsor|hg dqg xqhpsor|hg zrunhuv wkdw zrxog eh wrr ghwulphqwdo wr wkh remhfwlyh
ri lqvxudqfh/ khqfh h2 ?h ￿1 Frpsduhg wr wkh ￿uvw0ehvw rswlpxp/ wkh vrfldo sodqqhu
lqwhjudwhv wkh ehqh￿fldo h￿hfw ri d wljkwhu oderu pdunhw rq vhdufk h￿ruw1 Dq lqfuhdvh lq
wljkwqhvv doorzv wr uhod{ wkh lqfhqwlyh frqvwudlqw1 Wklv lqwxlwlyho| h{sodlqv zk| ￿2 A￿ ￿1
Wklv lpsolhv wkdw wkh h{shfwhg frvw ri ￿oolqj d ydfdqf| f@p+￿, lv wrr kljk dw wkh vhfrqg0
ehvw rswlpxp1 Vlqfh wljkwqhvv lv phdvxuhg lq h!flhqf| xqlwv/ wkhvh surshuwlhv kdyh qr
fohdu lpsolfdwlrqv rq wkh frpsdulvrq ehwzhhq  2@x2 dqg  ￿@x￿1
Frpsdulqj frqglwlrqv +64, zlwk +55, |lhogv $2 A$ ￿1 Lq wkh prvw sodxvleoh fdvh zkhuh
kljkhu xqhpsor|phqw ehqh￿wv kdyh d qhjdwlyh lpsdfw rq vhdufk h￿ruw/ l1h1 zkhq V￿
5 ? 3/
frqglwlrq +65, dqg +56, ohdgv wr }2 ￿ g+h2, ?} ￿ ￿ g+h￿,1 Vlqfh/ h2 ?h ￿/ wkhvh uhvxowv
lpso| }2 ?} ￿1 Wkh lqwxlwlrq ehklqg }2 ￿ g+h2, ?} ￿ ￿ g+h￿, dqg $2 A$ ￿ lv vlplodu wr
wkh rqh xqghuo|lqj ￿2 A￿ ￿1 Frpsduhg wr wkh ￿uvw ehvw/ wkh vrfldo sodqqhu lqwhjudwhv wkh
ehqh￿fldo h￿hfw ri d kljkhu +uhvshfwlyho|/ d orzhu, xwlolw| ohyho iru hpsor|hg +uhvshfwlyho|/
xqhpsor|hg, zrunhuv rq vhdufk h￿ruw1
Rqh fdq frpsduh wkh wrwdo rxwsxw qhw ri frvw \ dw wkh ￿uvw0ehvw dqg dw wkh vhfrqg0ehvw
rswlpd1 Zh kdyh vkrzq wkdw wkh ￿uvw0ehvw ohyhov ri wljkwqhvv dqg vhdufk lqwhqvlw| ￿￿/ h￿
pd{lpl}h \ 1 Vhdufk lqwhqvlw| dqg wljkwqhvv gl￿hu dw wkh vhfrqg0ehvw frpsduhg wr wkhlu
￿uvw0ehvw rswlpd1 Khqfh rqh kdv \2 ?\ ￿1
Wkh iroorzlqj sursrvlwlrq vxppdul}hv rxu pdlq uhvxowv1
Sursrvlwlrq 7 Zkhq vhdufk h￿ruw lq xqrevhuydeoh/ doorfdwlyh h!flhqf|/ ulvn0vkdulqj hi0
￿flhqf| dqg uhglvwulexwlyh remhfwlyhv fdqqrw eh dfklhyhg vhsdudwho| dq|pruh1 Frpsduhg wr
wkh ￿uvw0ehvw rswlpxp/ wkh vhfrqg0ehvw rqh lv fkdudfwhul}hg e| orzhu vhdufk h￿ruw h dqg
wrwdo qhw rxwsxw \ dqg e| kljkhu wljkwqhvv ￿ dqg qhw lqfrph lq hpsor|phqw $1
Wr hqg wklv vhfwlrq/ ohw xv eulh | hpskdvl}h krz wklv jhqhudo htxloleulxp dqdo|vlv hq0
ulfkhv sduwldo htxloleulxp vwxglhv vxfk dv Edlo| +4<::,1 Lq d sduwldo htxloleulxp iudphzrun/
erwk ￿ dqg z duh h{rjhqrxv1 Vr/ dq| frqfoxvlrq lv qhfhvvdulo| frqwlqjhqw rq wkh ydoxhv
wdnhq e| ￿ dqg z1 Ohw xv dvvxph wkdw wkh| duh ￿{hg dw wkhlu vhfrqg ehvw rswlpdo ydoxh 441
Uhfdoo wkdw J+￿>h, @3gh￿qhv wkh ohyho ri vhdufk lqwhqvlw| wkdw pd{lpl}hv qhw rxwsxw \
frqglwlrqdo rq ￿1 Lq d sduwldo htxloleulxp shuvshfwlyh/ wkh orvv lq h!flhqf| zkhq vhdufk
h￿ruw lv xqrevhuydeoh fdq eh fdswxuhg e| wkh glvwdqfh ehwzhhq wkh vhfrqg0ehvw rswlpxp
44Wkh vhfrqg0ehvw ydoxh ri wkh zdjh udwh zloo eh pdgh suhflvh lq wkh iroorzlqj vxe0vhfwlrq1
49h2 dqg wkh vroxwlrq h wr htxdwlrq J+￿2>h,@3 1 Wklv fdq eh looxvwudwhg lq Iljxuh 4 zkhuh
wklv glvwdqfh lv D0E1 Lq d jhqhudo htxloleulxp iudphzrun/ wkh orvv gxh wr wkh xqrevhuydelo0
lw| ri vhdufk h￿ruw lv odujhu ehfdxvh qrz wkh vhfrqg0ehvw rxwfrph/ D lq Iljxuh 4/ kdv wr
eh frpsduhg wr wkh ￿uvw0ehvw F zkhuh vhdufk h￿ruw h￿ lv kljkhu wkdq h dqg ohvv ydfdqflhv
kdyh wr eh srvwhg shu xqhpsor|hg zrunhu +phdvxuhg lq h!flhqf| xqlwv,= ￿￿ ?￿ 2=
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Wr ghfhqwudol}h wkh vhfrqg0ehvw rswlpxp/ wkh srolf| sdudphwhuv vkrxog qhfhvvdulo| vroyh
} @ }2/ W2 @ !+￿2, ￿ $2 dqg ZV+￿2>!+￿2,>h 2,@3 1 Wklv reylrxvo| jlyhv d vlqjoh yhfwru
ri srolf| sdudphwhuv +}2>W 2>W 6c2,1 Dffruglqj wr Sursrvlwlrq 4/ zh nqrz wkdw d vlqjoh
htxloleulxp h{lvwv iru dq| yhfwru ri srolf| sdudphwhuv1 Khqfh iru wkh srolf| sdudphwhuv
+}2>W 2>W 6c2,/ zh nqrz wkdw wkh vhfrqg0ehvw rswlpxp lv ghfhqwudol}hg1
Wr lpsohphqw wkh vhfrqg0ehvw rswlpxp 45/ wkh Vwdwh kdv wr ghfhqwudol}h dq htxloleulxp
lq zklfk hpsor|hg zrunhuv duh ehwwhu r￿ wkdq xqhpsor|hg shrsoh1 Khqfh/ hpsor|hh vkrxog
h{wudfw vrph uhqw iurp d pdwfk lq rughu wr jlyh xqhpsor|hg zrunhuv dq lqfhqwlyh wr vhdufk1
Wkhuhiruh/ wkh ohyhov ri wkh dfwxdo edujdlqlqj srzhu fdq eh udqnhg=
a ￿2 A a ￿￿ @3 =
Dffruglqj wr Htxdwlrq +4:,/ iru dq| srvlwlyh ydoxh ri wkh edujdlqlqj srzhu ￿/ lpsohphqwlqj
vxfk dq htxloleulxp uhtxluhv=
W6c2 ? 4@W6c￿=
Krzhyhu/ wkh srvlwlrq ri W6c2 zlwk uhvshfw wr 3 dqg wr wkh dyhudjh wd{ udwh W2@z2 lv
dpeljxrxv1 Wkh wd{ vfkhgxoh fdq eh hlwkhu surjuhvvlyh zlwk W6 AW@ zru uhjuhvvlyh dqg
lq wklv fdvh pdujlqdo wd{ udwhv fdq eh srvlwlyh ru qhjdwlyh1
Ilqdoo|/ vlqfh ￿2 A￿ ￿ dqg $2 A$ ￿/ rqh kdv
W2 ?W ￿=
Wkh ohyho ri wd{ uhtxluhg wr ghfhqwudol}h wkh vhfrqg0ehvw rswlpxp lv orzhu wkdq wkh ￿uvw0
ehvw rqh1 Wklv iroorzv iurp wzr h￿hfwv1 Iluvw/ hpsor|hg zrunhuv* lqfrph kdv wr eh kljkhu
dw wkh vhfrqg ehvw1 Vhfrqg/ wkh lqhtxdolw| ￿2 A￿ ￿ lpsolhv wkdw wkh jurvv zdjh lv orzhu dw
wkh vhfrqg ehvw1
Nqrzlqj krz wkh vhfrqg0ehvw rswlpxp fdq eh ghfhqwudol}hg/ lw lv qrz srvvleoh wr
fkdudfwhul}h wkh wd{ vfkhgxoh lq d pruh suhflvh zd|1 Iluvw/ iurp ZV+￿2>!+￿2,>h 2, @3 /
lw lv lpphgldwho| vhhq wkdw W6 lqfuhdvhv zlwk ￿1 Vhfrqg/ iurp wkh gh￿qlwlrq ri a ￿/
W6c2 : 3 +, ￿ : a ￿2
45Wkh fdvh zlwk olqhdu suhihuhqfh lv suhvhqwhg lq Dsshqgl{ 91
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zkhuh +4￿W6,@+4￿+W@z,, lv wkh vr0fdoohg frh!flhqw ri uhvlgxdo lqfrph surjuhvvlrq FULS
+l1h1 goq+$,@goq+z,,1 Frqvhtxhqwo|/ iru +￿>z>h,@+ ￿2>!+￿2,>h 2,,/ wkh FULS zrxog eh
htxdo wr 4 li ￿ @ h ￿/ zlwk=
h ￿
4 ￿ h ￿
@
y+$2, ￿ y+}2 ￿ g+h2,,
$2 ￿ y￿+$2,
p+￿2, ￿ | ￿ f ￿ t
f+t . h2 ￿ ￿+￿2,,
+6:,
Iru wklv sduwlfxodu ydoxh ri ￿/ wkh wd{ vfkhgxoh qhhghg wr ghfhqwudol}h wkh vhfrqg0ehvw
rswlpxp zrxog dfwxdoo| eh olqhdu 461 Rwkhuzlvh/ d qrq olqhdu wd{ vfkhgxoh lv uhtxluhg1
Frpelqlqj wkhvh hohphqwv/ wkuhh fdvhv duh wkhq srvvleoh1 Ehiruh fkdudfwhul}lqj wkhp/
uhfdoo wkdw W2@z2 fdqqrw eh qhjdwlyh ehfdxvh ri wkh exgjhw frqvwudlqw/ ri wkh surshuw|
}2 A 3 dqg ri rxu dvvxpswlrq wkdw sur￿wv duh qrqqhjdwlyh lq htxloleulxp1 Iluvw/ li ￿Ah ￿
dqg ￿Aa ￿2/w k h qW6c2 AW 2@z2 A 3= Vhfrqg/ li a ￿2 ?￿?h ￿/ wkhq W2@z2 AW 6c2 A 3=
Wklug/ li ￿?h ￿ dqg ￿?a ￿2/ wkhq W6c2 ? 3 ?W 2@z2= Wkh irxuwk fdvh/ qdpho| h ￿?￿?a ￿2/
fdq eh uxohg rxw vlqfh lw zrxog lpso| wkdw W2@z2 ?W 6c2 ? 3=
Wkh iroorzlqj sursrvlwlrq vxppdul}hv rxu uhvxowv1
Sursrvlwlrq 8 Wr ghfhqwudol}h wkh vhfrqg0ehvw rswlpxp/ wkh dfwxdo edujdlqlqj srzhu ri
wkh zrunhuv kdv wr eh htxdo wr a ￿2/z l w k3 ? a ￿2 ? 41 Zkhq wkhlu edujdlqlqj srzhu ￿ lv
gl￿huhqw iurp a ￿2/ qrq olqhdu wd{dwlrq lv w|slfdoo| qhfhvvdu| wr ghfhqwudol}h wkh rswlpxp1
Wkhq/ wkh pdujlqdo wd{ udwh lv dq lqfuhdvlqj ixqfwlrq ri wkh edujdlqlqj srzhu ri wkh zrun0
huv1 Zkhq ￿?a ￿2/ wkh pdujlqdo wd{ udwh lv qhjdwlyh1 Rwkhuzlvh/ lw lv qrqqhjdwlyh1 Wkhuh
h{lvwv d wkuhvkrog ydoxh ri wkh zrunhuv* edujdlqlqj srzhu/ h ￿/ ehorz zklfk wd{dwlrq lv uh0
juhvvlyh dqg deryh zklfk lw lv surjuhvvlyh1 Ilqdoo|/ wkh ohyho ri wd{hv lv orzhu wkdq dw wkh
￿uvw0ehvw rswlpxp1
Zh duh qrw deoh wr dqdo|wlfdoo| frpsduh wkh ￿uvw0 dqg vhfrqg0ehvw rswlpdo ydoxhv ri
wkh xqhpsor|phqw udwhv/ ri wljkwqhvv phdvxuhg lq jurvv xqlwv +l1h1  @x udwlrv, dqg ri wkh
h{shfwhg olihwlph xwlolwlhv ri zrunhuv dqg ri wkh uhsuhvhqwdwlyh ￿up0rzqhu1 Dq h{whqvlyh
qxphulfdo h{huflvh kdv wkhuhiruh ehhq frqgxfwhg lq Ohkpdqq dqg Ydq ghu Olqghq +5335,1
Wkh iroorzlqj surshuwlhv dsshdu wr eh urexvw vlqfh wkh| zhuh v|vwhpdwlfdoo| irxqg lq doo
+uhsruwhg dqg xquhsruwhg, vlpxodwlrqv lq wklv glvfxvvlrq sdshu1
Iluvw/ wkh  @x udwlr lv dozd|v kljkhu dqg wkh xqhpsor|phqw udwh x lv dozd|v orzhu dw wkh
￿uvw0ehvw wkdq dw wkh vhfrqg0ehvw rswlpxp1 Uhfdoo wkdw xqhpsor|hg zrunhuv vhdufk ohvv
lq wkh vhfrqg ehvw +h2 ?h ￿, exw wkdw wkh oderu pdunhw lv wkhq dovr pruh wljkw +￿2 A￿ ￿,1
46Iurp Htxdwlrq +6:,/ h ￿ olhv lq wkh Efc￿￿ lqwhuydo1
4;Gxh wr wkhvh wzr rssrvlwh h￿hfwv/ wkh qhw lpsdfw rq wkh  @x udwlr dqg wkh xqhpsor|phqw
udwh lv wkhruhwlfdoo| xqfohdu1 Lq doo wkh vlpxodwlrqv zkhuh wkh wd{ vfkhgxoh lv doorzhg wr eh
qrq olqhdu/ wkh lqfuhdvh lq wljkwqhvv ￿ lv pxfk ohvv lpsruwdqw wkdq wkh ghfuhdvh lq vhdufk
lqwhqvlw| h2 ?h ￿1
Vhfrqg/ wkh h{shfwhg xwlolw| ri wkh zrunhuv +4 ￿ x,y+$,.x ￿ y+} ￿ g+h,, lv kljkhu dw
wkh vhfrqg0ehvw wkdq dw wkh ￿uvw0ehvw rswlpxp1 Wklv lv frxqwhu0lqwxlwlyh iru wzr uhdvrqv1
Iluvw/ lw kdv ehhq vkrzq lq sursrvlwlrq 7 wkdw wrwdo qhw rxwsxw lv orzhu dw wkh vhfrqg ehvw
+\2 ?\ ￿,1 Vr wkhuh duh ohvv uhvrxufhv wr eh vkduhg ehwzhhq zrunhuv dqg wkh ￿up rzqhu1
Vhfrqg/ lw kdv ehhq vkrzq wkdw xqhpsor|phqw lqvxudqfh lv lpshuihfw dw wkh vhfrqg0ehvw
rswlpxp1 Vr/ iru d jlyhq ohyho ri dyhudjh lqfrph/ zrunhuv* h{shfwhg xwlolw| vkrxog eh orzhu
dw wkh vhfrqg0ehvw rswlpxp frpsduhg wr wkh ￿uvw0ehvw rqh1 Vlqfh wkh h{shfwhg xwlolw| ri
wkh zrunhuv lv kljkhu lq wkh vhfrqg ehvw/ wkh vkduh ri \ dffuxlqj wr wkhp kdv wr lqfuhdvh
gudpdwlfdoo| zkhq vhdufk h￿ruw ehfrphv xqrevhuydeoh dqg wklv lqfuhdvh kdv wr rxwzhljk
wkh wzr suhylrxv h￿hfwv1 Lq rwkhu zrugv/ wkh xqrevhuydelolw| ri vhdufk lqwhqvlw| qrw rqo|
ohdgv wr lpshuihfw xqhpsor|phqw lqvxudqfh dqg orzhu vhdufk lqwhqvlw| +dv hpskdvl}hg lq
wkh olwhudwxuh rq rswlpdo xqhpsor|phqw lqvxudqfh lq sduwldo vhdufk htxloleulxp iudph0
zrunv, ru wr kljkhu wljkwqhvv +dv vkrzq lq sursrvlwlrq 7,1 Lw dovr prgl￿hv wkh glvwulexwlrq
ri xwlolw| ohyhov ehwzhhq zrunhuv dqg wkh ￿up rzqhu lq idyru ri wkh iruphuv1 Pruhryhu/
wklv vkliw lv odujh hqrxjk wr frpshqvdwh wkh qhjdwlyh lq xhqfhv ri wkh ghfuhdvh lq wrwdo qhw
rxwsxw dqg ri wkh lqfrpsohwhqhvv ri xqhpsor|phqw lqvxudqfh rq wkh h{shfwhg xwlolw| ri
zrunhuv dw wkh vhfrqg ehvw1 Wkh lqwxlwlrq ehklqg wklv vkliw jrhv dv iroorzv1 Sursrvlwlrq 8
kdv vkrzq wkdw wkh ohyho ri wd{hv lv orzhu dw wkh vhfrqg0ehvw wkdq dw wkh ￿uvw0ehvw rswlpxp1
Pruhryhu/ wkh xqhpsor|phqw udwh lv pxfk kljkhu dw wkh vhfrqg ehvw/ vxjjhvwlqj wkdw xq0
hpsor|phqw ehqh￿wv h{shqglwxuhv duh suredeo| kljkhu wrr1 Khqfh/ wkh oxps0vxp wudqvihu
wr wkh fdslwdo rzqhu +"/ zlwk ￿@" zkhq u @3 , vkrxog eh orzhu dw wkh vhfrqg0ehvw
rswlpxp1
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Vlqfh wkh sdshu ri Krvlrv +4<<3,/ wkh frqglwlrq xqghu zklfk d vhdufk0pdwfklqj hfrqrp|
lv h!flhqw lv zhoo0nqrzq zkhq djhqwv kdyh olqhdu suhihuhqfhv1 Li wkh edujdlqlqj srzhu
ri wkh zrunhuv lv dssursuldwh/ d odlvvh}0idluh hfrqrp| lv wkhq uhfrpphqghg1 Rwkhuzlvh/
rwkhu lqvwuxphqwv duh qhhghg wr ghfhqwudol}h wkh rswlpxp1 Lqfrph wd{dwlrq lv d qdwxudo
fdqglgdwh +vhh Errqh dqg Eryhqehuj +5334d,,1 Wkh ulvn0qhxwudolw| dvvxpswlrq lv frqyh0
qlhqw exw frxqwhu0idfwxdo1 Ixuwkhupruh/ lw lpsolhv wkdw hfrqrplvwv gr qrw wdnh sduw wr wkh
ghedwh derxw lqhtxdolwlhv lq vrflhwlhv zlwk xqhpsor|phqw1 Iru wkhvh yhu| uhdvrqv/ wklv
sdshu kdv uhylvlwhg wkh qrupdwlyh surshuwlhv ri d vhdufk0pdwfklqj hfrqrp| zkhq zrunhuv
4<kdyh frqfdyh xwlolw| ixqfwlrqv1 Iru wklv sxusrvh/ zh kdyh ghyhorshg d jhqhudo htxloleulxp
iudphzrun zlwk krprjhqhrxv djhqwv/ hqgrjhqrxv mre0vhdufk dqg zdjh edujdlqlqj1
Zh kdyh frqwudvwhg d ￿uvw0ehvw rswlpxp zkhuh wkh Vwdwh fdq shuihfwo| prqlwru xq0
hpsor|hg zrunhuv* vhdufk lqwhqvlw| dqg d vhfrqg0ehvw rswlpxp zlwk prudo kd}dug1 Lq wkh
￿uvw0ehvw vhwwlqj/ h!flhqf| fdq eh dfklhyhg lqghshqghqwo| ri wkh uhglvwulexwlyh lvvxhv dqg
wkh Vwdwh fdq shuihfwo| lqvxuh zrunhuv djdlqvw wkh xqhpsor|phqw ulvn1 Wkh lpsohphqwd0
wlrq ri wkh ￿uvw ehvw uhtxluhv wkdw zrunhuv fdq lq qr zd| h{wudfw d uhqw iurp wkh pdwfk1
Li wkhlu edujdlqlqj srzhu lv srvlwlyh/ d 433( pdujlqdo wd{ udwh lv qhfhvvdu| wr ghfhqwudol}h
wkh rswlpxp1
Zkhq xqhpsor|hg shrsoh iuhho| fkrrvh wkhlu ohyho ri vhdufk +wkh vhfrqg0ehvw fdvh,/ wklv
sdshu kdv vkrzq wkdw vhdufk lqwhqvlw| dqg wrwdo qhw rxwsxw vkrxog rswlpdoo| eh orzhu dqg
wkdw wljkwqhvv +phdvxuhg lq h!flhqf| xqlwv, vkrxog eh kljkhu wkdq lq wkh ￿uvw0ehvw rswl0
pxp1 Lw kdv dovr ehhq vkrzq wkdw lq frpsdulvrq zlwk wkh ghfhqwudol}dwlrq ri wkh ￿uvw0ehvw
doorfdwlrq/ wkh lpsohphqwdwlrq ri wkh vhfrqg0ehvw rswlpxp uhtxluhv d orzhu pdujlqdo wd{
udwh/ d orzhu ohyho ri wd{hv rq oderu dqg w|slfdoo| d orzhu ohyho ri xqhpsor|phqw ehqh￿wv1
srzhu1 Zkhwkhu/ lqfrph wd{dwlrq vkrxog eh surjuhvvlyh ru uhjuhvvlyh khdylo| ghshqgv rq
wkh ydoxh ri wkh zrunhuv* edujdlqlqj srzhu1 Iru vx!flhqwo| orz ydoxhv ri wkh odwwhu/ wkh
pdujlqdo wd{ udwh frxog hyhq ehfrph qhjdwlyh lq rughu wr surylgh dssursuldwh lqfhqwlyhv
wr vhdufk dqg wr fuhdwh ydfdqflhv1 Frqyhuvho|/ zkhq zrunhuv kdyh d vwurqj edujdlqlqj
srzhu/ wd{dwlrq frxog ehfrph yhu| surjuhvvlyh +dv lw lv looxvwudwhg lq d frpsdqlrq sdshu>
vhh Ohkpdqq dqg Ydq ghu Olqghq +5335,,1 Wklv sdshu wkhuhiruh vkhgv qhz oljkw rq wkh
ghedwh derxw wkh surv dqg frqv ri surjuhvvlyh lqfrph wd{dwlrq1 H{fhsw iru rqh sduwlf0
xodu ohyho ri zrunhuv* edujdlqlqj srzhu/ d qrq sursruwlrqdo wd{ vfkhgxoh lv d qhfhvvdu|
lqvwuxphqw wr ghfhqwudol}h wkh vhfrqg0ehvw rswlpxp1 Zkhq djhqwv duh krprjhqhrxv/ d
wd{ vfkhgxoh zlwk d frqvwdqw pdujlqdo wd{ udwh dqg dq lqwhufhsw zrxog gr wkh wulfn1 Zlwk
khwhurjhqhrxv zrunhuv/ d pruh frpsoh{ qrq0olqhdu wd{ vfkhgxoh zrxog eh xqdyrlgdeoh wr
ghfhqwudol}h wkh rswlpd1
Wklv sdshu frxog eh h{whqghg lq gl￿huhqw zd|v1 Iluvw/ wkh lqwurgxfwlrq kdv flwhg vhyhudo
sdshuv wkdw kdyh ehhq frqfhuqhg zlwk wkh rswlpdo sur￿oh ri xqhpsor|phqw ehqh￿wv ryhu
wkh xqhpsor|phqw vshoo udwkhu wkdq d vlqjoh ohyho ri xqhpsor|phqw ehqh￿wv1 Lqwurgxflqj/
vd|/ wzr ohyhov ri xqhpsor|phqw ehqh￿wv lq rxu dqdo|wlfdo iudphzrun zrxog lqwurgxfh
dgglwlrqdo lqvwuxphqwv wr vkduh ulvnv dqg wr uhglvwulexwh lqfrph ehwzhhq ￿upv dqg zrunhuv1
Vhfrqg/ zlwk uhvshfw wr wkh prqlwrulqj ri vhdufk h￿ruw/ zh kdyh rqo| frqvlghuhg wzr srodu
fdvhv +qdpho| mre0vhdufk ghflvlrqv zhuh hlwkhu shuihfwo| revhuyhg ru qrw revhuyhg dw doo,1
Krzhyhu/ lq d pruh uhdolvwlf iudphzrun/ wkh Vwdwh fdq lpshuihfwo| revhuyh vhdufk ehkdylru
dqg wkhuhiruh lqwurgxfh dq lpshuihfw vdqfwlrq phfkdqlvp/ mxvw dv lq Errqh dqg ydq Rxuv
53+5333,/ ru Errqh hw do +5334,1 Wklug/ zh kdyh dvvxphg dq krprjhqrxv oderu irufh1
Krzhyhu/ zrunhuv dfwxdoo| kdyh gl￿huhqw ohyhov ri surgxfwlylw| lq hpsor|phqw +dv lq wkh
rswlpdo wd{dwlrq olwhudwxuh iroorzlqj Pluuohhv +4<:4, dqg lq Errqh dqg Eryhqehuj +5334e,,
dqg wkh glvxwlolw| ri vhdufk fdq eh khwhurjhqhrxv wrr1 Lqwurgxflqj vxfk ihdwxuhv zrxog
fohduo| hqulfk wkh dqdo|vlv exw duh h{shfwhg wr frpsolfdwh wkh prgho d orw1
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^4‘ Edlo| P1Q1/ 4<::/ Xqhpsor|phqw lqvxudqfh dv lqvxudqfh iru zrunhuv/ Lqgxvwuldo dqg
Oderu Uhodwlrqv Uhylhz/ 63/ ss1 7<808371
^5‘ Erdgzd| U1 dqg N1 Fx￿/ 4<<</ Prqlwrulqj mre vhdufk dv dq lqvwuxphqw iru wdujhwlqj
wudqvihuv/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/ 9/ ss1 64:066:1
^6‘ Errqh M1 dqg O1D1 Eryhqehuj/ 5334d/ Rswlpdo oderxu wd{dwlrq dqg vhdufk/ Fhqwuh
iru Hfrqrplf Srolf| Uhvhdufk/ Glvfxvvlrq sdshu 6335/ iruwkfrplqj lq wkh Mrxuqdo ri
Sxeolf Hfrqrplfv1
^7‘ Errqh M1 dqg O1D1 Eryhqehuj/ 5334e/ Xqhpsor|phqw yv1 lq0zrun ehqh￿wv zlwk vhdufk
xqhpsor|phqw dqg revhuydeoh delolwlhv/ Fhqwuh iru Hfrqrplf Srolf| Uhvhdufk/G l v 0
fxvvlrq sdshu 63761
^8‘ Errqh/ M dqg U1 gh Prrlm/ 5333/ Wd{ srolf| lq d prgho ri vhdufk zlwk wudlqlqj/ FHVlir
zrunlqj sdshu vhulhv 565/ Pxqlfk1
^9‘ Errqh/ M1/ Iuhgulnvvrq/ S1/ Kropoxqg/ E1 dqg M1 ydq Rxuv/ 5334/ Rswlpdo Xqhpsor|0
phqw Lqvxudqfh zlwk Prqlwrulqj dqg Vdqfwlrqv/ Glvfxvvlrq Sdshu 53340;8 Fhqwuh iru
Hfrqrplf Uhvhdufk/ Wloexuj Xqlyhuvlw|1
^:‘ Errqh/ M1 dqg M1 ydq Rxuv/ 5333/ Prgholqj ￿qdqfldo lqfhqwlyhv wr jhw xqhpsor|hg
edfn wr zrun/ Glvfxvvlrq Sdshu 5333035 FhqwHU iru Hfrqrplf Uhvhdufk/ Wloexuj
Xqlyhuvlw|1
^;‘ Fdkxf/ S1 dqg H1 Ohkpdqq/ 5333/ Vkrxog xqhpsor|phqw ehqh￿wv ghfuhdvh zlwk wkh
xqhpsor|phqw vshoo B Mrxuqdo ri Sxeolf Hfrqrplfv/ ::/ ss1 4680476
^<‘ Iuhgulnvvrq/ S1 dqg E1 Kropoxqg/ 5334/ Rswlpdo xqhpsor|phqw lqvxudqfh lq vhdufk
htxloleulxp/ Mrxuqdo ri Oderu Hfrqrplfv/ 4</ ss1 6:306<<1
^43‘ Ixhvw/ F1 dqg E1 Kxehu/ 5333/ Lv wd{ surjuhvvlrq uhdoo| jrrg iru hpsor|phqw B D
prgho zlwk hqgrjhqrxv krxuv ri zrun/ Oderxu Hfrqrplfv/ :/ ss1 :<0<61
^44‘ Kdqvhq F1 W1/ 4<<</ Orzhu wd{ surjuhvvlrq/ orqjhu krxuv dqg kljkhu zdjhv/ Vfdqgl0
qdyldq Mrxuqdo ri Hfrqrplfv/ 434/ ss1 7<0981
^45‘ Kropoxqg E1/ 4<<;/ Xqhpsor|phqw lqvxudqfh lq wkhru| dqg sudfwlfh/ Vfdqglqdyldq
Mrxuqdo ri Hfrqrplfv/ 433+4,/ ss1 44604741
^46‘ Kropoxqg E1 dqg Oxqgeruj 4<;</ Xqhpsor|phqw lqvxudqfh vfkhphv iru uhgxflqj wkh
qdwxudo udwh ri xqhpsor|phqw/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 6;/ ss1 40481
^47‘ Kropoxqg/ E1 dqg D1 V1 Nrop/ 4<<8/ Surjuhvvlyh wd{dwlrq/ zdjh vhwwlqj dqg xqhp0
sor|phqw= wkhru| dqg hylghqfh/ Zrunlqj sdshu vhulhv 4<<8=48/ Xssvdod Xqlyhuvlw|1
^48‘ Krshqkd|q/ K1 dqg Qlfrolql/ M1 S1/ 4<<:/ Rswlpdo Xqhpsor|phqw Lqvxudqfh/ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ 438+5,/ ss1 745076;1
^49‘ Krvlrv/ D1/ 4<<3/ Rq wkh h!flhqf| ri pdwfklqj dqg uhodwhg prghov ri vhdufk dqg
xqhpsor|phqw/ Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ ss1 5:<05<;1
54^4:‘ Od|dug/ U1/ Qlfnhoo/ V1 dqg Mdfnpdq/ U1/ 4<<4/ Xqhpsor|phqw= Pdfurhfrqrplf shu0
irupdqfh dqg wkh oderu pdunhw/ R{irug Xqlyhuvlw| Suhvv/ R{irug1
^4;‘ Ohkpdqq/ H1 dqg Ydq ghu Olqghq/ E1/ 5335/ Rswlpdo xqhpsor|phqw ehqh￿wv dqg
qrq0olqhdu lqfrph wd{dwlrq lq d pdwfklqj prgho zlwk zdjh edujdlqlqj/ Fdklhuv
gh od Pdlvrq ghv Vflhqfhv Hfrqrpltxhv 5335134/ HXUHTxd/ Xqlyhuvlw￿ Sdulv 41
kwws=22zzz1xqly0sdulv41iu2PVH2FdklhuvPVH
^4<‘ Orfnzrrg/ E1 dqg Pdqqlqj/ D1/ 4<<6/ Zdjh vhwwlqj dqg wkh Wd{ v|vwhp/ Wkhru| dqg
hylghqfh iru wkh Xqlwhg Nlqjgrp/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 85/ ss1 405<1
^53‘ Pdofrpvrq M1 dqg Vdwru/ Q1/ 4<;:/ Wd{ sxvk lq dwlrq lq d xqlrql}hg oderxu pdunhw/
Hxurshdq Hfrqrplf Uhylhz/ 64/ ss1 48;4048<91
^54‘ Pluuohhv/ M1/ 4<:4/ Dq h{sorudwlrq lq d Wkhru| ri Rswlpdo Lqfrph Wd{dwlrq/ Uhylhz
ri Hfrqrplf Vwxglhv/ 6;/ ss1 4:8053;1
^55‘ Prhq/ H1 U1/ 4<<:/ Frpshwlwlyh vhdufk htxloleulxp/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
438/ ss1 6;807441
^56‘ Slvvdulghv/ F1 D1/ 4<<;/ Wkh Lpsdfw ri hpsor|phqw wd{ fxwv rq xqhpsor|phqw dqg
zdjhv= Wkh uroh ri Xqhpsor|phqw Ehqh￿wv dqg Wd{ vwuxfwxuh/ Hxurshdq Hfrqrplf
Uhylhz/ 75/ ss1 48804;61
^57‘ Slvvdulghv/ F1 D1/ 5333/ Htxloleulxp Xqhpsor|phqw Wkhru|/5 qg hglwlrq/ PLW Suhvv1
^58‘ Vdh}/ H/ 5334/ Rswlpdo lqfrph wudqvihu surjudpv= Lqwhqvlyh yhuvxv H{whqvlyh oderu
vxsso| uhvsrqvhv/ Iruwkfrplqj lq Txduwhuo| Mrxuqdo ri Hfrqrplfv1
^59‘ Vkdyhoo/ V1 dqg O1 Zhlvv/ 4<:</ Wkh rswlpdo sd|phqw ri xqhpsor|phqw lqvxudqfh
ehqh￿wv ryhu wlph/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;:+9,/ ss1 467:046951
^5:‘ Vruhqvhq/ S1 E1/ Rswlpdo wd{ surjuhvvlylw| lq lpshuihfw oderxu pdunhwv/ Oderxu hfr0
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Iurp
V +￿>z>h, ￿ ￿+￿,+y+z ￿ W, ￿ y+} ￿ g+h,,, ￿ g￿ +h, ￿ y￿ +} ￿g+h,,+u .t .h ￿ ￿+￿,, @3
rqh kdv=
V￿
e @ ￿+￿, ￿ g￿ +h, ￿ y￿ +} ￿ g+h,, ￿ ￿+￿, ￿ g￿ +h, ￿ y￿ +} ￿g+h,, .
￿





+u . t . h ￿ ￿+￿,,
V￿
￿ @ ￿+￿, ￿ y￿ +z ￿ W, A 3
V￿
w @ ￿￿ +￿,
￿
y+z ￿W, ￿ y+} ￿ g+h,, ￿ h ￿ g￿ +h, ￿ y￿ +} ￿ g+h,,
￿
Vlqfh/ y￿￿ +=, ? 3 dqg g￿￿ +=, ￿ 3/ lw lv hdvlo| fkhfnhg wkdw V￿
e ? 31 Htxdwlrq V +=>=>=, @3 /
fdq eh uhduudqjhg wr |lhog=
y+z ￿ W, ￿ y+} ￿ g+h,, @
u . t . h ￿ ￿+￿,
￿+￿,











A @ ￿￿+￿, ￿ y￿ +z ￿ W +z,, @ ￿V￿
￿ ? 3
V￿
5 @ ￿￿+￿, ￿ y￿ +} ￿ g+h,, ￿ g￿ +h,+u . t . h ￿ ￿+￿,,y￿￿ +} ￿ g+h,,
Iurp=




u . t . h ￿ ￿+￿,
p+￿,
￿ y￿ +z ￿ W, @3









h ￿ ￿￿ +￿, ￿









u . t . h ￿ ￿+￿,
p+￿,
￿ y￿￿ +z ￿ W, A 3
ZV￿






￿ y￿ +z ￿ W,




+4 ￿ W6, ￿ y￿ +z ￿W,
p+￿,
@
y+z ￿ W, ￿ y+} ￿ g+h,,
u . t . h ￿ ￿+￿,
Wdnlqj wklv htxdolw| lqwr dffrxqw ohdgv wr=
ZV￿
e @ g￿ +h, ￿ y￿ +} ￿ g+h,, ￿ ￿+￿,
y+z ￿W, ￿ y+} ￿ g+h,,
u .t . h ￿ ￿+￿,
@ ￿
V +￿>z>h,
u . t . h ￿ ￿+￿,
Khqfh/ ZV￿
e lv htxdo wr }hur lq htxloleulxp1 Ilqdoo|/ rqh kdv=
ZV￿




u . t . h ￿ ￿+￿,
p+￿,





u . t . h ￿ ￿+￿,
p+￿,
￿ y￿ +z ￿ W, A 3
ZV￿
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Iluvw zh vkrz wkdw wkh v|vwhp V+￿>h, @ Z+￿>h, @3kdv dw prvw rqh vroxwlrq1 Vlqfh
V￿
e +￿>h, ? 3/ iru dq| ￿/ wkh htxdwlrq V+￿>h, @3dgplwv dw prvw rqh vroxwlrq1 Fdoo wklv
vroxwlrq H+￿, li lw h{lvwv1 Wkh lpsolflw ixqfwlrq wkhruhp lqvxuhv wkdw ixqfwlrq H+￿, lv
frqwlqxrxv dqg gl￿huhqwldeoh zkhuhyhu lw lv gh￿qhg1 Qrz/ ohw Z +￿, ￿ Z+￿>H+￿,,1D q
56htxloleulxp qhfhvvdulo| vroyhv Z +￿,@3 1 Gl￿huhqwldwlqj ixqfwlrq Z +=, |lhogv Z￿ +￿,@
Z￿
w +￿>H+￿,, . H￿ +￿, ￿ Z￿
e +￿>H+￿,,1 Vlqfh H+￿, vroyhv V+￿>H+￿,, @ 3/ rqh kdv=
Z￿
e +￿>H+￿,, @ ￿V+￿>H+￿,,@+u . t . H+￿, ￿ ￿,@3
Khqfh/ Z￿ +￿,@Z￿
w +￿>H+￿,, ? 31 Vr htxdwlrq Z +￿,@3dgplwv dw prvw rqh vroxwlrq1
Wkh htxloleulxp/ li dq|/ lv wkhuhiruh xqltxh1






























Vlqfh durxqg wkh htxloleulxp Z￿





















5 ￿ g} Z￿
A ￿ gW Z￿
A6 ￿ gW6
V￿
5 ￿ g} V￿





















w ? 3/ Z￿
5 ? 3/ Z￿
A ? 3/ Z￿











































￿+￿,y￿ +z ￿ W,
E| htxdwlrqv +46,/ +<, dqg +49,/ rqh kdv
V￿
w @ +u .t,+Y ￿Y ￿,
￿
￿￿ +￿, . ￿p￿ +￿,
4 ￿ ￿
￿ +4 ￿ W6,
￿








￿ +4 ￿ W6,
￿￿
Uhfdoo wkdw a ￿@+4 ￿ a ￿, @ ￿ +4 ￿ W6,@+4 ￿ ￿,1 Wkhq=
V￿









Vr/ xqghu wkh Krvlrv frqglwlrq/ a ￿ @ ￿
w6￿Ew￿
6Ew￿ / rqh jhwv V￿

















57Khqfh/ rqh kdv _e
_A ? 3/ _e
_A6 @3exw _e




w kdv dq dpeljxrxv vljq/ vr wkh pdujlqdo h￿hfw ri }/ W/ W6 rq h fdqqrw eh
vljqhg1
Wklug/ frqvlghu wkh g|qdplf surshuwlhv1 Dorqj wkh wudqvlwlrqdo g|qdplfv/ jlyhq }/ W









g￿ +h, ￿ y￿ +} ￿ g+h,,
￿3￿+￿+￿,+Y ￿ Y ￿,,







Y ￿ Y ￿
M
￿
Khqfh/ wkh g|qdplfv ri +￿>z>h, ghshqgv rqo| rq wkh hyroxwlrq ri M dqg Y ￿Y ￿1 Dffruglqj
wr htxdwlrqv +:,/ +44, dqg +45,/ rqh kdv
b M @ +u . t,M ￿| . z+M>Y ￿ Y ￿,
u
Y ￿ Y ￿ @ ^u . t . h+M>Y ￿ Y ￿, ￿ ￿+￿+M>Y ￿ Y ￿,,‘+Y ￿ Y ￿,
￿y+z+M>Y ￿ Y ￿, ￿ W, . y+} ￿ g+h+M>Y ￿ Y ￿,,,
Vr/ [ @ +M>Y ￿ Y ￿, lv d yhfwru ri vwdwh yduldeohv wkdw hyroyhv dv d ixqfwlrq ri lwvhoi
rqo|1 Ghqrwh G wkh g|qdplfv vr b [ @ G+[,1 D vwhdg| vwdwh htxloleulxp vroyhv G @3 1
Vlqfh doo wkh yduldeohv lq yhfwru [ duh iruzdug orrnlqj/ wzr fdvhv pljkw dsshdu uhjduglqj
wr wkh hljhqydoxhv ri wkh Mdfreldq ri G lq wkh qhljkerukrrg ri wkh vwhdg| vwdwh1 Li doo
wkh hljhqydoxhv kdyh d vwulfwo| srvlwlyh uhdo sduw/ wkh wudqvlwlrqdo g|qdplfv lv xqltxh dqg
wkh vwdwh yduldeohv lqvwdqwdqhrxvo| uhdfk wkhlu vwhdg| vwdwh ydoxh1 Rwkhuzlvh/ wkhuh lv
d pxowlsolflw| ri wudqvlwlrqdo g|qdplfv/ rqh ri wkhp ehlqj wkh lqvwdqwdqhrxv mxps ri wkh
vwdwh yduldeoh wr wkhlu vwhdg|0vwdwh ydoxh1 Dsso|lqj d vhohfwlrq fulwhuld edvhg rq vlpsolflw|/
rqh fdq wklqn wkdw wklv g|qdplfv zrxog eh wkh pruh uhdolvwlf1 Wklv lv h{dfwo| zkdw zh
dvvxph1 Khqfh/ zh frqvlghu wkdw [ dqg wkhuhiruh ￿/ h dqg z duh dozd|v dw wkhlu vwhdg|0
vwdwh ydoxhv1 Wkh dgmxvwphqw ri wkh xqhpsor|phqw udwh lv wkhq ghwhuplqhg e| htxdwlrq
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Wkh vrfldo zhoiduh fulwhuld ￿@+ 4￿ x,Y .x￿Y ￿ .￿￿S fdq eh gl￿huhqwldwhg zlwk uhvshfw
wr wlph1 Wklv ghulydwlyh fdq wkhq eh vxevwudfwhg iurp u ￿ ￿ wr |lhog =
u ￿ ￿ ￿ b ￿@+4 ￿ x,
￿








u ￿ S ￿ b S
￿
.b x+Y ￿ Y ￿,
@ +4 ￿ x,y+$, . x ￿ y+} ￿ g+h,, . ￿
￿
u ￿ S ￿ b S
￿
.+Y ￿ Y ￿,+h ￿ ￿+￿, ￿ x ￿ t+4 ￿ x, .b x,




u ￿ h3oE￿3|￿ ￿ ￿￿ ￿ g￿ @ ￿￿| . u ￿ S|
Vlqfh b x @ t+4 ￿ x, ￿ h ￿ ￿+￿, ￿ x dqg u ￿ S ￿ b S @￿rqh frqfoxghv wkdw=
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Vlqfh I +￿>h,@￿￿ +￿,+g￿ +h,.f ￿ ￿,￿f￿￿+￿,/ wkh sduwldo ghulydwlyhv ri I kdyh xqdpeljx0
rxv vljqv=
I￿
w @ ￿￿￿ +￿,
￿
g￿ +h,.f ￿ ￿
￿
. f ￿ ￿￿ +￿, ￿ f ￿ ￿￿ +￿, ? 3
I￿
e @ ￿￿ +￿, ￿ g￿￿ +h, A 3
J+￿>h, fdq eh uhzulwwhq dv ￿+￿,+| . g+h,, ￿ f ￿ ￿ ￿ t ￿ g￿ +h,+h ￿ ￿+￿,.t,1 Wkhq/
J￿
e @ ￿g￿￿+h,+h ￿ ￿+￿,.t, ? 3
J￿
w @ ￿￿ +￿,
￿
| . g+h, ￿ h ￿ g￿ +h,
￿
￿ f ￿ t
Krzhyhu/ dorqj J+￿>h,@3 / rqh kdv=
| . g+h, @







f ￿ ￿ . g￿ +h,
￿
. h ￿ g￿ +h,
Wkhuhiruh/
J￿





f ￿ ￿ . g￿ +h,
￿
￿ f ￿ t
@ t ￿ ￿￿ +￿,
￿












f ￿ ￿ . g￿ +h,
￿






Ilqdoo|/ gl￿huhqwldwlqj K +￿>h, @ ￿￿ +￿,+| . g+h, . h ￿ f ￿ ￿, ￿ f+h ￿ ￿+￿, . t, |lhogv=
K￿
w @ ￿￿￿ +￿,+| . g+h, . h ￿ f ￿ ￿, . h ￿ f ￿ ￿￿ +￿, ￿ h ￿ f ￿ ￿￿ +￿, ? 3
K￿
e @ ￿￿ +￿,
￿
g￿ +h, . f ￿ ￿
￿
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Ohw xv ￿uvw vkrz #2 A 3= Iurp ￿uvw0rughu frqglwlrq +66,/
#2 @
x2 ^g￿ +h2, ￿ y￿ +}2 ￿ g+h2,, . ￿ ￿ f ￿ ￿2 ￿ ￿2 ￿ ￿+￿2,‘ q
￿g￿￿ +h2, ￿ y￿ +}2 ￿ g+h2,, . +g￿ +h2,,
2 ￿ y￿￿ +}2 ￿ g+h2,,
r
+t . h2 ￿ ￿+￿2,,
+6;,
Wkh ghqrplqdwru ri wkh odvw h{suhvvlrq lv fohduo| qhjdwlyh1 Wkhuhiruh/ lwv qxphudwru kdv
wr eh qrq srvlwlyh lq rughu wr jxdudqwhh wkdw #2 ￿ 3= Wr vkrz wkdw wklv qxphudwru lv
qhjdwlyh/ rqh kdv wr h{wudfw ￿2 ￿￿+￿2, iurp frqglwlrq +67,1 Wdnlqj +63, lqwr dffrxqw/ wklv
|lhogv=
￿2 ￿ ￿+￿2, @ y￿ +}2 ￿ g+h2,, ￿ g￿ +h2, . ￿
￿+￿2,
t2 . h2 ￿ ￿+￿2,
+| ￿ $2 . }2 . f ￿ h2 ￿ ￿2,
Vxevwlwxwlqj wklv lq wkh qxphudwru ri wkh uljkw kdqg vlgh ri +6;,/ #2 ￿ 3 lv htxlydohqw wr=
f ￿ ￿2 ￿
￿+￿2,
t2 . h2 ￿ ￿+￿2,
+| ￿ $2 . }2 . f ￿ h2 ￿ ￿2,
59Diwhu vrph vlpsol￿fdwlrqv/ xvlqj +4,/ #2 ￿ 3 lv htxlydohqw wr
f ￿ h2 ￿ ￿2 ￿ x2 ￿ +4 ￿ x2,+| ￿ $2 . }2,
ru=
+4 ￿ x2,+$2 ￿ }2, ￿ +4 ￿ x2,| ￿ f ￿  2
Exw/ e| +7,
+4 ￿ x2,$2 . x2 ￿ }2 .￿ 2 @+ 4￿ x2,| ￿ f ￿  2
Vr #2 ￿ 3 lv htxlydohqw wr=
+4 ￿ x2,+$2 ￿ }2, ￿ +4 ￿ x2,$2 . x2 ￿ }2 .￿ 2
￿+4 ￿ x2,}2 ￿ x2 ￿ }2 .￿ 2
￿}2 ￿ ￿2
Wklv frqglwlrq lv vdwlv￿hg vlqfh/ e| dvvxpswlrq ￿2 dqg }2 duh qrqqhjdwlyh1
Khqfh/ zkhq zrunhuv duh ulvn dyhuvh/ wkh lqfhqwlyh frqvwudlqw +63, lpsolhv wkdw $2 A
}2 ￿ g+h2,& wkhuhe| y￿ +$2, ?y ￿ +}2 ￿ g+h2,,1 Wkhuhiruh/ #2 9@3 dffruglqj wr +64, dqg
+65,1 Frqvhtxhqwo|/ #2 A 31
Lw zloo qrz eh vkrzq wkdw rqh kdv J+￿2>h 2, A 3 dw wkh vhfrqg0ehvw rswlpxp1 Glylglqj
￿uvw0rughu frqglwlrq +67, e| ￿/ dgglqj g+h2, rq erwk vlghv dqg uhduudqjlqj |lhogv=
| .g+h2, . f ￿ h2 ￿ ￿2 @
￿2
￿
+h2 ￿ ￿+￿2, . t, ￿
y+$2, ￿ y+}2 ￿ g+h2,,
￿2
. $2 ￿ }2 . g+h2,
+6<,
Pxowlso|lqj erwk vlghv e| ￿+￿2, |lhogv=
￿+￿2,+| . g+h2, . f ￿ h2 ￿ ￿2, @
￿2 ￿ ￿+￿2,
￿
+h2 ￿ ￿+￿2, . t,
￿
￿+￿2,^y+$2, ￿ y+}2 ￿ g+h2,,‘
￿
. ￿+￿2,+$2 ￿ }2 . g+h2,,
Wdnlqj wkh lqfhqwlyh frqvwudlqw +63, lqwr dffrxqw/ wkh suhylrxv htxdolw| fdq eh uhzulwwhq
lq wkh iroorzlqj zd|=
￿+￿2,+| . g+h2, . f ￿ h2 ￿ ￿2, @
h2 ￿ ￿+￿2, . t
￿
￿
￿2 ￿ ￿+￿2, ￿ g￿ +h2, ￿ y￿ +}2 ￿g+h2,,
￿
.￿+￿2,+$2 ￿ }2 . g+h2,,
Wkh uljkw0kdqg vlgh ri wkh odvw htxdolw| fdq eh vxevwlwxwhg lq wkh gh￿qlwlrq ri ixqfwlrq J
hydoxdwhg dw +￿2>h 2,1 Diwhu vrph pdqlsxodwlrqv/ wklv |lhogv=
J+￿2>h 2, @
h2 ￿ ￿+￿2, . t
￿
￿
￿2 ￿ ￿+￿2, ￿ g￿ +h2, ￿ y￿ +}2 ￿ g+h2,, ￿f ￿ ￿2 ￿ ￿
￿
.￿+￿2,+$2 ￿}2 . g+h2,, ￿ +h2 ￿ ￿+￿2, . t,g￿ +h2,
Xvlqj rqfh djdlq wkh lqfhqwlyh frqvwudlqw/ J+￿2>h 2, fdq eh uhvwdwhg dv=
J+￿2>h 2, @
h2 ￿ ￿+￿2, . t
￿
￿





y￿ +}2 ￿ g+h2,,
￿
y￿ +}2 ￿ g+h2,, ￿ +$2 ￿ }2 . g+h2,, ￿ y+$2, . y+}2 ￿ g+h2,,
￿
5:Krzhyhu/ wkh ￿uvw0rughu frqglwlrq +66, lqvxuhv wkdw=





g￿￿ +h2, ￿ y￿ +}2 ￿ g+h2,, ￿
￿
g￿ +h2,
￿2 ￿ y￿￿ +}2 ￿g+h2,,
l
+t . h2 ￿ ￿+￿2,, A 3
Vr/ wkh ￿uvw whup rq wkh uljkw kdqg vlgh ri +73, lv srvlwlyh1 Lq dgglwlrq/ wkh frqfdylw| ri
y+=, lpsolhv wkdw =
y+$2, ￿ y+}2 ￿ g+h2,, ?y ￿ +}2 ￿ g+h2,, ￿ +$2 ￿ }2 . g+h2,,
e| zklfk wkh vhfrqg whup rq wkh uljkw kdqg vlgh ri +73, lv srvlwlyh wrr1 Wkhuhiruh/ ixqfwlrq
J hydoxdwhg dw wkh vhfrqg0ehvw rswlpxp lv srvlwlyh zkloh wkh vdph ixqfwlrq zdv }hur dqg
uhdfkhg d pd{lpxp hydoxdwhg dw wkh ￿uvw0ehvw rswlpxp1 Vr/ h2 ?h ￿1
Qh{w/ lw zloo eh vkrzq wkdw K +￿>h, ? 3 dw wkh vhfrqg0ehvw rswlpxp1 Wkh ￿uvw0rughu
frqglwlrq +68, wrjhwkhu zlwk wkh lqfhqwlyh frqvwudlqw +63, jlyhv=
f ￿ h2 ￿ ￿ ￿ x2 @ ￿2 ￿ ￿￿ +￿2, ￿ h2 ￿ x2 . #2 ￿ ￿￿ +￿2, ￿
t
￿+￿2,
￿ y￿ +}2 ￿ g+h2,, ￿ g￿ +h2,
Vxevwlwxwlqj wkh  rz htxloleulxp +4, |lhogv=










￿ y￿ +}2 ￿ g+h2,, ￿ g￿ +h2,
￿
Vxevwlwxwlqj wklv h{suhvvlrq dqg htxdwlrq +6<, lqwr K +￿2>h 2,/ l1h1 lq ￿￿ +￿2,+| . g+h2, .f ￿ h2 ￿ ￿2,￿
f+h2 ￿ ￿+￿2, . t, ohdgv wr
K +￿2>h 2, @ ￿￿ +￿2,
￿
$2 ￿ }2 . g+h2, ￿





￿ y￿ +}2 ￿ g+h2,, ￿ g￿ +h2, ￿ +h2 ￿ ￿+￿2, . t,
￿
Wdnlqj +63, lqwr dffrxqw/ wklv h{suhvvlrq fdq eh uhzulwwhq dv=
K +￿2>h 2,@￿￿ +￿2,
￿
$2 ￿ }2 . g+h2, ￿





^y+$2, ￿ y+}2 ￿ g+h2,,‘
￿










K +￿2>h 2, @ ￿￿ +￿2,
￿
$2 ￿ }2 . g+h2, ￿
y+$2, ￿ y+}2 ￿ g+h2,,
y￿ +$2,
￿
Ilqdoo|/ frqfdylw| ri ixqfwlrq y+=, lpsolhv wkdw=
3 ?y ￿ +$2, ￿ +$2 ￿ }2 . g+h2,, ?y+$2, ￿ y+}2 ￿ g+h2,, ?y ￿ +}2 ￿ g+h2,, ￿ +$2 ￿ }2 . g+h2,,
Wkhuhiruh/ ixqfwlrq K hydoxdwhg dw wkh vhfrqg0ehvw rswlpxp +￿2>h 2, lv dozd|v qhjdwlyh1
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Lq wklv dsshqgl{/ zh vkrz wkdw wkh sdshu ri Krvlrv +4<<3, fdq eh vhhq dv d sduwlfxodu fdvh
ri rxu prgho1 Wr gr vr/ zh fkhfn wkdw wkh ghfhqwudol}hg htxloleulxp lv wkh vhfrqg0ehvw
rswlpxp zkhq vhdufk h￿ruw lv xqrevhuydeoh dqg zrunhuv duh ulvn qhxwudo zlwk y+{,@￿￿{1
Zh frqvlghu d odlvvh}0idluh htxloleulxp zlwk W @ W6 @ } @3dqg zh dvvxph wkh vr0
fdoohg Krvlrv frqglwlrq lv ixo￿oohg ￿ @ ￿
wu6￿Ew￿
6Ew￿ 1 Wkh surri frqvlvwv lq vkrzlqj wkdw wkh
ghfhqwudol}hg htxloleulxp yhul￿hv I +￿>h,@K +￿>h,@3 1
Dvvxplqj u @3lq h{suhvvlrqv +44, dqg +45, phdvxuhg lq vwhdg| vwdwh/ lw lv hdvlo| vhhq
wkdw=
Y ￿ Y ￿
y￿ +z ￿ W,
@
Y ￿ Y ￿
y￿ +} ￿ g+h,,
@
z .g+h,
t . h ￿ ￿+￿,
Vxevwlwxwlqj wklv h{suhvvlrq lq ZV+￿>z>h,@3+dgdswhg wr wdnh wkh deryh dvvxpswlrqv
lqwr dffrxqw,/ rqh jhwv=
z . g+h,








Wkh rswlpdo vhdufk h￿ruw ohyho vwloo yhul￿hv V +￿>z>h, @3 / zklfk fdq qrz eh uhzulwwhq dv=
z . g+h,
t . h ￿ ￿+￿,
@
g￿ +h, ￿ y￿ +} ￿ g+h,,
￿+￿,
+75,






zklfk fdq eh uhzulwwhq dv=
f ￿ ￿
4 ￿ ￿
@ f ￿ ￿ . g￿ +h,




f ￿ ￿ . g￿ +h,
￿+￿,
zklfk lv h{dfwo| I +￿>h, @3 1
Dgglqj g+h, rq erwk vlghv ri htxdolw| +43, ohdgv wr z . g+h, @ | . g+h, ￿
Su^
6Ew￿=
Frpelqlqj wklv htxdolw| dqg htxdwlrq +74, |lhogv diwhu vrph pdqlsxodwlrq=
| . g+h, . h ￿ f ￿ ￿







Ilqdoo|/ uhsodflqj ￿ e| wkh Krvlrv frqglwlrq/ rqh hqgv zlwk K +￿>h, @3 1
Wkh phvvdjh lv h{dfwo| wkh pdlq rqh ri Krvlrv +4<<3,1 Li uhglvwulexwlrq +lqvxudqfh,
lv qrw dq lvvxh/ l1h1 zlwk pdujlqdo xwlolwlhv ri doo djhqwv htxdo dqg frqvwdqw +￿ @ y￿ +=,,/
wkh ghfhqwudol}hg htxloleulxp xqghu odlvvh} idluh lv d vrfldo rswlpxp surylghg wkdw wkh
edujdlqlqj srzhu ri wkh zrunhu yhul￿hv wkh vr0fdoohg Krvlrv frqglwlrq ￿ @ ￿￿p￿ +￿,@p+￿,1
Wklv surshuw| kdv ehhq vkrzq xqghu wkh dvvxpswlrq wkdw vhdufk h￿ruw lv xqrevhuydeoh1
Rqh vkrxog dovr qrwh wkdw/ lq wklv fdvh }2 @ "2 @ W2 @3 ( Khqfh/ wklv odlvvh} idluh
rswlpxp lv wkh rqo| dydlodeoh zlwk qrq qhjdwlyh xqhpsor|phqw ehqh￿wv dqg sur￿wv1
5<